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は じめに
こ の 報告書は､ 文部科学省科学研究費補助金(基盤研究(C)(2))の 交付を受けて ､ 平成
11年度か ら平成 14年度 の 4年間に実施された研究 ｢局所環の フ ル と レ ー シ ョ ンと附随す
る次数付 き環 の研究｣ に関す るもの で ある ｡
本研究は ､ 可換環論 にお ける主要なテ ー マ の ひ とつ で あるblo w- up代数の環構造の解析
を目的とするも の で あり､ 研究代表者 ･ 西田康二 が中心 とな っ て研究分担者と密接に連絡
をとり つ つ 行われたが ､ 必要に応じて , 外部か らの研究協力を得る こ と とな っ た. 研究費
の 多く の 部分は､ 研究連絡の ための旅費と計算機等の 設備備品費に使用 し, 研究環境の 充
実 を図 っ た｡
この 様な4年間の研究の結果 , 一 般の フィル トレ ー ショ ンに解析的差異を導入 し､ blo w- up
代数の 研究を進める とい う当初の 計画は概ね達成する こ とがで きた ｡ 特に , 解析的差異が
1以下で ある様なフ ィ ル トレ ー シ ョ ンに対しては ､ 附随す る次数付き環の Cohen - M a c a ulay
性 を判定す る実用的な判定法を与え , 具体的な応用 も見出す こ とに成功 した｡ 又 , 解析的
差異が高い 場合 にも, イデア ルの べ き乗が定めるフィ ル トレ ー シ ョ ンに対 して満足の い く
結果が得 られた｡ こう した研究成果 の詳細 につ い て は､ 本文 の ｢研究成果｣ の項を参照し
て い ただきたい ｡
本研究の 推進 に当たっ て は, 分担者の みならず､ 数多くの 研究協力者や大学院生の お世
話 になっ て い る ｡ こ こ に記して感謝の 意を申し上げたい ｡
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(7)研究成果
こ の研究で は ､ 局所環(A/m)の フ ィ ル トレ ー シ ョ ン F :A - Fo ⊇ Fl ⊇ F2 ⊇ - に附
随す る次数付き環 G(F) - O n≧oEn/Fn+1 の ホモ ロ ジカル な性質 を中心 に調 べ た-｡ そ の 為
に ､ 従来イデア ル に対 して定義されて い た解析的差異(an alytic de viatio n)と い う概念 を
一 般 の フ ィ ル トレ ー シ ョ ンに対 して拡張 し , そ の 不変量を尺度 として 分析を進め る とい う
方針を採っ た. 各年度 ごとの進行は以下の よ うなもの であり, 概ね ､ 当初 の蘇画に沿 っ た
研究が達成 で きた と言え る ｡
平成1 1年度
redu ctio nの概念を 中心 とした基礎的部分の 整理 とフ ィ ル トレ ー シ ョ ンが equiln ultiple な
場合の 理論 の 構成 を目標 と し､ 下記 に述 べ て ある様な結果 を得 る こ とがで きた｡
1. 局所環 A の フ ィ ル ト レ ー シ ョ ン A - F. ⊇ Fl ⊇ F2 ⊇ - ･ に対 して ､ 次の 2 条件 :
･ ある ki >.0
に対 して ai ∈ Fki(i - 1,2, - ･ ,r)
･ n ≫
~0 に対 して Fn - ∑:= 1 aiEn - ki
をみ たす A の要素の シ ス テ ム al, a2, - , ar をそ の r edu ctio n と して捉え る と, 従
来イ デアル に対 して定義 されて い た reductio n の概念 と理論が自然 に 一 般化 され る
こ
こ とが分か っ た｡ 実は こ の 見方 はある意味で は既 に存在 して い た の だが , an alytic
spr e ad とい う観点を通 して考察 したの は この研究が最初 の で ある o
2. 上 で 述 べ た al, a2, - , ar を r が Fl の 高さ に
一 致する様 に取れ る とき､ フ ィ ル ト
レ ー シ ョ ン A - F. ⊇ Fl ⊇ F2 ⊇ - ･ は equim ultiple で ある と言う こ とにする o こ
1V
の とき ､ 附随す る次数付き環 Oi≧.Fi/Ei'1 の Cohen - M a c a ulay 性 を特徴付ける こ
とがで きた｡
平成 12年度
局所環の フ ィ ル ト レ ー シ ョ ン 7 で解析的差異 が 1 の もの が与 えられた とき, 附随す る
次数付き環 G(3:)の Cohen - M a c a ulay 性を判定する実用的方法を見出す こ とを目標とし,
次の 様な結果を得た :
f - (Fn)n ∈z ほd次元 Cohe n- M a c a ulay 局所環 A の フ ィ ル トレ ー シ ョ ンとし ､ Fl の
高さを s と した とき f は s + 1 偶 の元 al, a2, - ,as+1 か らなる redu ction をも つ とせ
よ(これは F の 解析的差異が 1 で ある とい う こ とを意味する)｡ K は al, a2, - ･ , as+1 が
生成するイデアル としb - as+1 とおくo さらに Fl の 任意の 極小素因子 p(こ の 様な p
は有限個 しかない)に対 して Ap⑳A G(F)は Cohe n- Ma c aulay 環で ある と仮定す る ｡ こ
の とき正整数 α と β が定まり, 1 ≦ n ≦ α をみたす n に対 して剰余環 A/K + Fn が
CoheI トMa c a ulay で 1 ≦ m ≦β をみたす任意の m に対 して A/K +bFa + Fm の dep七h
がd - a - 1 以上 で あれば G(7)は Cohe n- M a c a ulay 環 になる ｡
これで , 前年度 の equimul tiple な F の研究と合わせ て ､ 解析的差異が 1 以下の 場合の
理論 の大枠はできたと思われる ｡
平成 13年度
局所環 の フ ィ ル トレ ー シ ョ ン 7 で解析的差異が1以下 の もの が与 えられたとき､ 付随す
る次数付環 G(∫)の Cohen - M a c a ulay性を判定す る方法が ､ 前年度まで の研究成果 と して
得 られたの で , その 判定法を適用する こ とに より ､ 様々 なフ ィ ル トレ ー シ ョ ンを実際に調
べ る こ とを目標とした｡ 具体的には次 の よ うなもの に適用 してみ た :
● 3次元正則局所環のイデア ル ナで ､ ある条件を充た して い る長 さ2 の正則列によ っ て
生成されるもの をとっ たとき､ Jの ベキ乗の整閉包がなすフ ィル トレ ー シ ョ ン｡ この と
き G(7)は代数と して 1次 の元で 生成され､ Gor enstein 環 (従っ て Cohe n- M a c a 111ay
環) となる ｡
● 4次元正則局所環 のイデアル ∫で ､ ある行列の 小行列式で 生成 されるもの を とっ た
与き, zの 記号的ベ キ乗がなす フ ィ ル トレ ー シ ョ ン｡ この とき G(7)は1次と3次 の
元で 生成され , やは り Gorenstein 環 となる ｡
この 年度の研究で ､ 理論 の有効性に つ い て ある程度 の 手応えが得 られた と言える ｡
Ⅴ
平成1 4年鹿
本研究課題の 最終年度にあたり, これまで に得られた結果を統合 し､ 解析的差異が 一 般の
フ ィル ト レ ー シ ョ ンに関する理論の構築を目標 としたが , 以下 に述 べ る様な定理が得られ
た. これはイデアル の随伴次数環に関するTJa u r aG he z ziの 結果 を 一 般化 したもの で ､ フィ
ル トレ ー シ ョ ン版 へ の 拡張が可能なもの になっ て い る ｡
定理 d次元 Cohe n- M a c a ulay 局所環 A の イデアル Z に対 して 次の 4条件 をみたすイデ
アル J - (al, ‥ . , ae) と非負整数 r が存在する とせ よ :(1)Ir+
1
- JZr,(2)p がJ を含
む素イデア ルで htp ≦ i < eな らば∫i
- 2+r+1Ap - JiZ
i- e +rAp(但 し Ji - (al, - ,ai)),
(3)htI≦i < e - r ならば A/Ji :I は C6he n- M a c aulay,(4)わが ∫ を含む素イデアルで
1≦ n ≦ rならばAp/I
nA
p
の depthはhtp - A+ r - n 又 はr - n 以上で ある ｡ こ の ときI
の 随伴次数環の deptⅠ1は
(d)∪(depth A/I
n
+e - r + n)1≦n≦r
の最小値以上 になる ｡
この 主張の 注目すべ き点 は ､ 随伴次数環の deptbを評価する為の条件が局所化で 保たれる
とい うこ とにあり､ そ れ故にe につ い て の 帰納法が可能 になる｡ 又 , e - ht Zは解析的差
異 に対応す る量 と見 る こ とができる ｡
以上 の ような研究成果の 中から ､ 本報告書で は下記 の 4編 の論文を以下に つ づるもの と
す る o
1. Koji N ishida, mlbe rt- Sa mu elfu nctio n and Groihe ndieckgr o up, Pr o c･ E dinbllrgh
Math. So c. 43(2OOO) ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ 1 - 3 4
2. Koji N ishida, On the integral clo s ures of ce rtain ide als ge n e r ated by r egula r se -
qu e n c e s, ∫. Pu r e､Appl･ Algebr a, 15 2(2000) - - - - - - - - - - - - - _･ - 3 5
- 3 9
3. Koji Nishida, OhPliratio n sha ving Sm all analytic deviatio n, Co m m･ Algebra, 2 9
(2001) ‥ ‥ ‥ - - - - - - - ‥ … … ‥ - I - - - - - - - - - - - - - - 4 0- 6 2
4. KojiNishida, m lbe rt c o eBicienis a nd Bu chsbau m n ess ofassociatedgradedrings,to
appeirin I. Pure Ap pl. Algebra, Joint w ork withShir oGoto ･ ･ I . ･ ･ ･ ･ ･ L ･ ･ ･ 6 3- 7 9
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Chapte r1
H ilbert-Sa m u el Fu n ctio n a nd
Grothe ndie ck Gr o up
1.1 Intr odu ctio n
The pu rpo s e of this pape risto establishthethe o ry ofHilbert-Sa m u el fun ctio ntaking
valu esin aGr othe ndie ckgr o up a ndto in tr odu c e age n er aliz ed n otio n of multiplicityfo r
arbitr aryide als inlo c al rings. T his atte mpt w as o rigin ated by M . Fta s er[4]follo wing
the tre atm e nt of M . Au sla nder and D . Bu chsba u m[1]by the m ethods of ho m ological
algebra, whichis an ap proa ch firstsugge stedbyI. P. Ser re. Ho w e v erthe m oder nthe o ry
ofm ultiplicity w a sproduc edo rlgln allyby P. Sa m u el and M. Nagata ap plyingthethe ory
■ ●
of Hilbertfun ctio n sto lo c alrings, a nds oitsho uldbe requiredtolo ok at the s ubje ct
＼
fro mtheir poin七 ofvie w. In this paper w etry七o fo1lo w Nagata
'
strail[11, CH A PTE R
II】m akingthetheo ry ap plicableto a rbitraryide alsinlo calrings.
LetA be aNo etheria nlo calring with the m axim al ide al m s u chthatA/m isinfinite
and let Ibe apr operide al. We denote by A m od the c atego ry of finitely ge n e r ated
A- m od ules. Let Ko(A/I)the Gr othe ndie ck gro up ofA/I m od . Fo rL ∈ A m od with
I⊆ 府 , w e c a n c o n siderthe cla s s[L]∈ Ko(A/I)by setting【L]- ∑i ,JZiL/Zi'1L],
where[Z
iL/I
i+1L]den ote sthe cla s s of A/I- m od ule ZiL/I
i+1L in Ko(A/I). Thu s w e
de riv e,for M ∈ A m od ,the H ilbert-Sa m u el fun ctio nx㌢: Z I Ko(A/I)withx㌢(n) -
[M/Z
n +1M]for n∈ Z . T he m ain re s ult The o r em 4.1 ofthispaperin siststhat there exist
u niqllelydeter min edele m e nts eo(I, M), el(I, M), ･ ･ I , ee(I, M)in Ko(A/I), whe r e isthe
an alytic spr e ad ofI(cf. [1 2]), s u chthat
e
(#) xr(n)- ∑
i= 0
1
(n:i)ei(I, M)
for n≫ 0. Let u s verifythatthe equ ality abo v e c or r e spondsto the w ell
-kno wn r es ult
o nthe c o efBcie nts of Hilbertpolyno mial in the c a s e whe r eI is m -prl mary･ In fa ct†ifI
is m -prim ary, there exists an is o m orphis m o
･
: Ko(A/I)与 z ofgro ups s e nding[L]to
le ngthAL for a ny L ∈ A m od with I ⊆ 偏 ･ Let e
′
d - i
- (- 1)
d ~i
q(ei(I, M))for
o≦i≦ d, where d - dim A(n otic ethate - d a sIis m-prim ary)･ T he n, 血ap pihgthe
bothside s of(#)by q, w eget
lenghAM/I
n･1M -(
n
吉
d
)elo -(
n
言ヱT
1)e7d - 1 + - ･ ト1)de′d
f.r n ≫ 0. Tlms w em ay s ay that the･-ele血e nts ei(I, M)for0 ≦ i ≦ egiv en abo v e
s uitably ge n e r aliz ethe n otion ofthe c o e氏cie nts ofH ilbert polyn o mial fo r m
-prl ma ry
ide als. In partic ular w en otic e七hat the elem e nt e2(I, M)in the
"top te r m
"
, whichis
de n otedby ez(M),is n appedto the o rdin a ry m ultiplicity･ Further m o r e w e shallsho w
that in ge n er ale2(I, M)e njoythe sam epr ope rties a sthe ord ina ry m ultiplicity ofM with
r espe ct to a n m-pri m a ryideal･ For ex a mple) ifJis a r edu ctio n ofI) the nthe gr o up
●
ho m o m o rphis m Ko(A/I)→ Ko(4/J)indu c ed fr om the c a n o nicals u rjectio nA/J う A/I
is is o m o rphic, a ndthr o ughthis is om orphis m w eha v e ei(M) - eJ(M)･ M o r e overif
J - (al,a2, - , a2)A is a mimimalr edu ction ofI, the n ez(M)is equalto the Eule r-
Poin c ar6char a cteristic xA(al, - , ae;M)of七he Ko szulc o mplex K･(al, - , ae;M), which
is ess e ntially du eto Fr a s e r[4, 2.6]. Thisfa ct im m ediatelyimplie sthat ifa shdrt e x a ct
s equ;n c eo ) L ) M ) N ) 0in n m od is giv en, the n eI(M) - eI(L)+ eI(N).
co n s equ e ntly, w e s e ethat there exists agro upho m o m orphis m Ko(A)) Ko(A/I)s ending
【叫 to eJ(〟)払r 〟 ∈ A m od ･
Let u she r e r e c alF hs er's notio n ofge n e ralm ultiplicity m ap Ko(A)1 Ko(A/I), which
isdefin edto betheho m om orphism s e nding[M]to xA(al, - , as;M)for M ∈ A m od ,
whe r e al, ･ ･ ･ , a sis a system ofgene rato rsfo rI. O fc o u rseit is equ altotheho m om orphis m
w e s a w
_
ab6ve whe n s- e･ How e v er, ifa > e, w e s e ebythe equality(H)that Fr a
'
s er
'
s
m ultiblicity?ap
'is a z er om ap sin c exA(al, - , as;M)- △
s
xr(n)for n ≫ 0a sispro v占d
in[4, 2.6】(se e als ol･4･7 a ndl･4･9 ofthispape r), where △s den otesthe diference ofs-th
o;
_
a
-
占rv(s16e 鮎占ti占血'2). Fo rthis re a s on, fo r M さ A m od , w e
~
w ould liketo employthe
el昌益占nt'6I(M)As
､
the multiplicity ｡f M with r e spe ct to I andthe n w e c a nde velop a
s atisfa ctorythe oryfo ranyidealsin A withn o a ss u mptions o nthe n u mbe r ofge n er ator s･
Letu s explain how to o rganizethispaper･ InSe ction 2 w e shallc olle cts om ebasicfa cts
on Grothendie ck gro up, E11e r- Poincar6 cha r a cteristic of Ko sz ulc o mple x es and fun ctions
2
fr o ma to a n additive gr o up. Se ctio n3is als ode v otedto apr epa r atio n. We re c allthe
the o ries ofsuperficialele m e nt a nd a nalytic spr e ad, slightlyge n eralizingthe m. Altho ugh
the r e s ultsin Sectio n2 and Section 3 m ay be wel-kn ow n, w egiv ethe pr o ofsfo rthe m
fo rthe c o mplete ne ssofthis paper. In Se ctio n4 w e statethe m ain theo r em on Hilbert-
Sa m u elfu n ctio n s. In Se ctio n5 w eintr odu c e a n e xt nded n otio n ofⅡmltiplicity. A lot of
pr ope rtie s ofo rdin ary m ultiplicityfo r m-prim aryideals shall bege n er aliz ed he r e･ As a n
e a sy applic atio n ofthethe o ry, w e c o n sider when the multiplicity ez(A)coin cide withthe
cla s s[A/Z]in Ko(A/I)I Fin ally w egive ane xample ofn oI トequim ultipleideal Is u chthat
et(A)≠0, sho wingthat,for a c ertain cla s s ofidealsI,the v a nishingofez(A)characterize
the Go r e n stein n ess of A/∫･
Thro ugho ut this pape rAis aNo ethe ria nlo calring with the m a ximalide al m s u ch
that A/m is infinite. T he c ategory of 丘nitely ge n e r ated A- m od ulesis den oted by A
m od . Fo r M ∈ A m od , pA(M)is the n u mber ofele m emis in a minim alsyste m of
ge n er ato rsfo r M and M ind M isthe s et ofmimim alele m e ntsin SuppA M . We furthe r
s et AsshA M - (a ∈ M ind M(dim A/Q - dim A M). Fo r a nide alIin A, w ede n oteby
V(∫)the s et ofallprim eide alsin A c o血 aining∫.
1.2 Pr elimin a rie s
In this se ctio n w efirst r e c alls om e basicfa cts o nGr othe ndie ckgroups a nd n extde v elop
thethe o ry o nfu nctio n sm ap ping Z to an additiv egr oup. Wefurther review thethe o ry
ofEuler- Poinc a r6 cha r acte ristic ofKoszulc omplexes.
Let 肩 betheis o m o rphis m cla ss of M ∈ A m od andlet F(A) - ⑳ Z ･ 詔 bethe
fre eA belia ngr oupdeter minedbytheis o m o rphis m clas s e s of A m od . T he Gr othe ndie ck
gro up Ko(A)isthefacto rgr oup ofF(A)bythe subgr o up ge n erated bythe ele m e nts ofthe
for m M - L - N , where L, M and N ∈ A m od fo r which there exists an e x a cts equ en ce
O I L I M う N 1 0. T he cla s s of好 in Ko(A)forM ∈ A m od is den oted by[M]･
Be c a u s e any M ∈ A m od ha s afi1tr ati. n M ± M. ⊇ Ml ⊇ ･ ･ ･ ⊇ M , - (0)such that,
for all 0≦i< r, Mi/Mi+1 -
～ A/Qifo r s o m eQi ∈Spe c°, w e s e etha七Ko(A)isge n e rat申
by([A/Q]IQ ∈ Spe cA). If Ais Artinian, the gr o up ho m o m orphis m p : a I Ko(A)
withp(1) - 【A/m]isis o m o rphic. In fa ct, whe n Ais Artinian, ther e e xists
"thele ngth
functio n" Ko(A) 1 Z s ending[M]tole ngthA M fo r M ∈ A m od , which isthe inv e rs e
ho m o m o rphis m ofp. Let A
･
1 B be a且at ho m o m orphis m ofrings. T he nthe r e e xists
3
a gr o up ho m o m o rphis m Ko(A) 1 Ko(B)sending【M]to[M ⑳A B]for M ∈ A m od .
Let Q ∈ Spe cA･ Fo ri ∈ Ko(A), w ede n ote byEQ the im age ofi by 七he sllrje ctiv e
ho m o m o rphis m Ko(A)う Ko(AQ)indllC edfr om the can onicalho mo morphis m A I AQ･
No w w e n otic etha七the s lrjectivegro up ho m o m o rphis m
Ko(A) 1 OQ｡M in A Ko(AQ)
E ト 1 (EQ)Q
alw ays splits sinc eKo(AQ) 聖 Z for any Q ∈ Min A･ T lms w e s e e,letting m be the
n u mbe r ofmimim alprim es of A,
_
一 一 ､ _ . .一 一
Ko(A)-
～
恕 望 ¢Ko(A),
m tim es
.■
. - ~
■
〉
where K.(A)isthe s ubgro up ofK.(A)gen e r ated by(【A/QHQ
■
∈ Spe cA＼Min A). Whe n
w e write
[M]- ∑ mQ ･[A/Q] (m Q ∈ Z)
Q∈SpecA
for M ∈ A m od , w eha v e mQ - 1e ngthAQ MQfo rQ ∈ M in A･ If Ais a n o r m al do main,
w ehave a n atu r al ho m o m o rphis m Ko(A)1 Z◎Cl(A)se nding[M]to(ra nkA M,cl(M))
for M ∈ A m od ,whe r eCl(A)de n otesthe divis o r clas sgr ollp Of Aa nd cl(M)is the
divis o r cla s s atta chedto M (cf.[2, C hapterVII§4･7]). Mo r e o v erthisis a nis o m o rphis m
if Ais a2- dim e n sio naln o r m al do m ain s u chthat[A/m] - 0 in Ko(A)(cf. [1 6,(13.3)i)･
No w w elo okatKo(A/I)for anidealZ in A, whichisthe m ainto olin o u rin v e?tigatio n･
Let L∈ A m od s u ch that I⊆ 偏 . Be c a u s eZiL/Zi'1L is a nA/I- m odule, w e m ay
c o n siderit'
t
s clas s【Z
iL/z
i+1L]∈ K.(A/I). We s et
【L] - ∑[ZiL/Ii'1L]∈ Ko(A/I)･
i≧0
甲oti6e率 由rQ E V(I), ZAQ ⊆ 席 a nd[L]Q - [LQ]by definitio n･
Le m m al.2.1 LeまL ∈ A m od su chiha去I⊆ 府 . IfL - Lo ⊇ Ll ⊇ - ⊇ Ls -
(o)js… aβlir aiion such ihau L3･ ⊆ L,･'1for all0 ≦i < a, then[L] - ∑35:;[L,A/L,･+1]in
Ko(A/I)･
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proof. W eputNi - ZiL. Weha v eNr - (0)for s o m e r> Oa sZ⊆ 屈 . Fo rintege rs
o ≦i≦ r a nd O ≦j ≦a, w eput Ni,･ - (NinL,･)+ Ni+1 a nd Li,･ - (NinL,･)+ L3･+1 ･
The n w eha v ethe 丘Itr atio n s
Ni - NiO ⊇ Nil ⊇ ･ ･ ･ ⊇ Nis - Ni+1
Lj - Lo3
･ ⊇ L13･ ⊇ - ⊇ Lr3･ - Lj+1,
s - 1
a nd
wbidlimply
r - 1
[Ni/Ni'1] - ∑[Ni3･/Ni, ･'1] a nd 【L3･/L,･'1] - ∑[Li3･/Li'1, ･]
3
'
-0
in Ko(A/∫). On the othe rba nd, w eha v e
Ni3
･/Ni,3･+1 望
′ヽノ
(NinL3･)+ Ni+ 1
(Nin L,･+1)+ Ni+1
Nin L3
･
i= 0
(Nin L3･)n((Nin L3･+1)+ Ni +1)
(Nin L3･)∩((Nin L3･+1)+ Ni+1)
(Ni n L,I+1)+((Nin L3･)n Ni+1)
(Nin L,I+1)+(Ni+1 nL3･)
((Ni nL3･)nL3･+1)+(Ni+1 n L3･)
(Nin Lj)n(L,･+1 +(Ni+1 nL,･)),
Ni3
･/Ni, I+1 望
/ヽ J
Nin L3
･
(Nin L3･)n(L3･+1 +(Ni+1 n Lj))
(Nin L3･)+ L3･+1
(Ni+1 nL,･)+ L3･+1
望 Li3
･/Li+1,3･ I
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a.Il°
s o w eget
The r efo r ew eget
r - 1
【L] - ∑[Ni/Ni.1]
i= 0
∑ [Ni3･/Ni,,･.1】
0< i <r 1 1
,0≦j ≦s - 1
∑ 【Li,I/Li.1, .]
0<i<r - 1,0≦3
'
≦s - 1
s
- 1
- ∑[L,･/L,･'1],
3
'
-0
a ndthepr o ofis c ompleted.
Let Lbe asin 1.2.1. IfIis m-prim a ry,the nthele ngthfunctio nKo(A/I)ち z se nds
【L]tolengthAL. Tlms w e m ay r egardthe cla s s[･]defin edabo v efo rfinitely ge n er ated A-
m odules annihilated bys o m epo w e r ofI as a n oti ngene r alizing
"le ngth
"
. Unfortu n ately,
u nles sIis m-prim a ry, Lis n ot n e c e ss arily(0)ev e nif[L] - 0 in Ko(A/I). Ho w e v e r w e
ha v ethefollo w ing.
Le m m a l.2.2 Let OI L I M I N I 0 be a n e x a ct s equ e n cein A m od s u ch ihai
I⊆ Jan nA M . The n[M] - [L]+[N]in Ko(A/I).
Proof. T he r e exists r> 0 s u ch thatIrN - (0). Let Mi - Z
iN nM for 0≦i≦ r. The n
L 望 M, and Mi/Mi+1 望 Z
iN/Z
i+1N for all i. Henc e, in Ko(A/I), w ehave
γ - 1
【M] - ∑[Mi/Mi'1]+ ∑[ZjMr/P
'
+1 M r]
i- 0 3
'
≧O
r - 1
- ∑[ziN/Ii'1N]+ ∑[P
'
L/P
l
+1L]
i- 0 3
'
≧0
- [Ⅳ】+[ム],
which isthe requir edequ ality.
Let A I B be aho m o m o rphis m ofc o m m utativ e rlngS S u chthat B is m od ule-finite
o v er A. Rega rding B - m odule a sA- m odule via A ) B w e ha ve agroup ho m o m orphis m
Ko(B)- -+ Ko(A). T he n ext resultplays a nimportantr olein Se ction 5.
Le m m a1.2.3 Lei Jbe a nideal co ntain edin I s u ch that √テ - ヽ庁. Then the ho rTW -
m o rphis m Ko(A/I)う Ko(A/J)inducedfro mthe canonical s urjectio nA/J I A/I is an
is o rT W rPhism .
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pro of. Let M be a nA/J- m odule. T he n asヽ庁 - Jプ⊆ J蒜㌫帝, w e may c o n side r
the cla s s[M] ∈ Ko(A/I), and s o w eget a ho m o m o rphis m F(A/J) 1 Ko(A/I)･ By
1.2.2 w e s e ethat it indu c es aho m o m o rphis m Ko(A/J) ) Ko(A/I), which isthe inv e r s e
ho mo m o rphis m ofKo(A/I)+ Ko(A/J)statedinthe a s s e rtio n･
We shallm ainly u s e1.2.3 in the c as e wher eJis aredu ctio n ofI.
No w w e pr o c e edtothe n ext topicin this s e ctio n. Let a be an additiv egr o up. For
a fun ctio nI : Z う G, w edefin eit
'
s differe n c e△f: Z ぅ G, by s etting △f(n) -
I(n) - I(n - 1)forn ∈ Z. T hei tim e site r ated △- oper ato r willbe de n oted by △
i
a nd
w efu rthe r s et △Of - I. Forfun ctio n sI,g : Z I a,i+ g a nd - Ia r efun ctio ns de丘ned
by s etting(I+ 9)(n) - I(n)+a(n)a nd(- i)(n) ニ ー f(n)for n∈ Z . We writei≡ gif
I(n) - a(n)for alln ≫ 0. Notic ethat △た(i+g) - △kf+ △kg and △k(- i) ニ ー △
kf
for allk≧ 0. No w w edefin ethedegr e e ofIasfollo w s:
degf -i
Sup{ki
_
A
l
k 榊 l
:f
f
=
#
.
0
,
her e w edenoteby0 thefu n ction s e ndingal n ∈ Zto0 ∈ a. O bvio u sly w eha v e°eg△f -
degf - 1 if ≠0,deg(- i) - degfand °eg(fl + - ･ +fr)≦s up(degfl, - ,degf,).
Le m m a 1.2.4 Thefollo wingc o nditio n s a re equiv alentfo r a nintege rd≧0a ndafu n ciio n
i: Z I G wiihf≠0.
(1)degf - d.
(2) The re a re elem entsEo,El, ･ ･ ･ ,Ed ∈ a s u chthatfd≠O and
i(n, -畠
for n ≫ 0.
w he nthisisike c a s e, the ele m e ntsEo,El, - 】Ed a re u niqu elydet
､
e r min ed byf･
Pro of. (1)⇒ (2) We pr o v ebyindu ction o nd. Sup po s ed - 0. T he n△f ≡ O ands o
there e xists m ∈ Z such that△f(n) - 0for alln > m , which m eansI(n) - I(m)for all
n > m . Be c au s eI ≠0, w ec an cho ose m s othatI(m)≠0. He n c e, settingEo - I(m), w e
s e etha七the c ondition(2)is s atisfiedinthis c as e. Letd > 0. T hen, a sdeg△f - a - 1,
･7
bythe hypothesis of induction the r e a r e ele m entsEl,
･ ･ ･
,fd ∈ a a nd an integer m ≧ 0
s u ch 七ha七Ed≠0 and
for n > m . Be c a u s e
w eha v e
fo rn > m , whe r e
So, for n > m , w eget
n
I(n卜 f(m) - ∑ △f(k),
k= m +1
n a - 1
帥) - ∑‡∑
k=O i= 0
m d - 1
Eo - i(･m)
- ∑(∑
k= O i= 0
d - 1 n
I(n) - ∑i∑
i= O k= 0
a - 1
∑
i= O
d
∑
i= 0
Ei+1)+Eo
(
k
:
i
)Ei･1)･
(k:i))Ei+1 +Eo
(n:il1)Ei･1 +Eo
(n:i)Ei ･
(2) ⇒ (1) We pr ove byindu ction o nd･ If d- 0, then Eo ≠0 a ndI(n) - Eofor
n ≫ 0. He n c eI≠0 and △f ≡ 0, which m e an sdegf - 0. Letd> 0. Be c a u s ew e have
d
△f(n) - ∑
i= O
d- 1
- 冒
(n:i)Ei 一重(n
~
%
T+ i)Ei
(
n
:
i
)Ei･1
fo r n≫ 0, deg△f - d - 1bythe hy pothe sis ofind11C七ion･ He nce degf - d･
The u nique n essofEo,El, - ･ ,Edis adir e ct c o n s equ enc e ofthe next le m m a･
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Le m ma 1.2.5([4, 2.3])LetEo,El, - ,Ed ∈ G. If
d
∑
i= 0(
n
;
i)Ei - 0
for alln ≫ 0, ihe nEo - El - ･ ･ ･ - Ed - 0･
Pr o of. We pr ove byindu ction op d. Be c a u s eit is obvio u s whe nd - 0, w e c o n siderthe
c a s e wher ed> 0. T he n, s etting
w eha v e
d - 1
o - △f(n) - ∑
i=0(
n
:
i
)Ei･1
fo r n≫ 0, s othehy pothesis ofindll Ctio nimplie sEl - - - Ed - 0. Further, sllbstituting
El - ･ ･ ･ - Ed - 0 intothe equ ality
d
∑
i= 0(
n
:
i
)Ei - 0
fo r n≫ 0, w e s e eEo - 0 to o.
Fo r afu n ctio nf: Z I G withO≦degf - d< ∞ , w ede n otebyci(i)(i - 0,1, ･ ･ ･ ,d)
the ele m e ntEiStatedin1.2.4. Wefu rthe r s et ci(I)- 0 fori > d. Inthe c a s e whe r ei≡ 0,
w e s et ci(i) - 0 for all0 ≦ i ∈ Z. It is e a sily s e e nfro m the pr o of of1.2.4 that
ci(△f)- ci+1(i)for all i≧0. Therefo r e w eha v ethefollo wing
Le m ma l･2･6 Fo r afu n cti?n I: Z → a with degf - d, we ha ve cd(I) - △
df(n)fo r
n ≫ 0.
Le七f: Z う G be afunction a nd α aninteger. Wede丘n e afu n ctio nf[α]: Z ぅ G
bys ettingf[α】(n) - I(n + α)for n ∈ Z. We ca ne asilysho wthat △
i(f[α】) - (△if)[α]
for al 1 i≧ 0. He n c e w egt degf[α1 - degf. M o r e o v er w eha v e°eg(i - f[α】)≦
deg△f. In fa ct, ifα < 0, w ehav e9 :- I - f[α】 - △f+ △fト1】+ - ･ + △f[α + 1]
aidso deg g≦ sup(deg△f[β】lα < β-≦ 0‡, fro m which w ege七 deg 9≦ deg△f
-
sinc e
deg△f[β】- deg△ffor allβ. Ifα > 0,then settingh - f[α], w eha v edeg(i - f[α])-
deg(h - h[- α】)≦deg△h - deg△f. Ifα - 0,the r equir ed inequalityis obvio us.
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Le m ma l.2.7 Leif : Z ヰ G be afu n ctio n wiih O≦ degf - d < ∞ ' Le舌 α be a n
intege r. Then cd(f[α】)- cd(I).
Pr100f. Let X be a nindetermin ate. We s et
pi(X)-(X +アナi):- (X +
α +i)(X + α +i - 1) - (X + α +1)
for0≦i≦ d. T he nRi(X)is a n u m e ric alpolyn o mialofdegre ei(cf･ [11, Se ctio n20]).
He n c eby[11,(20.8)]ther e a r eintege rs aiO, ail, ･ I ･ , aiiS u chthat
Ri(X, -套aij(X;i)･
Notic ethat w e m ay cho o s e ado,adl, ･ ･ ･ , addS Othat add - 1 sinc e
pd(X) -(
X
d
' d)
is a n um eric alpolyn o mialof degr e ed - I. Ther efo r e,for n }>0, w ehave
a
f[a](n) - ∑fTi(n)･ Ci(I)
i= 0
- (
n
吉
d
)cd(I,･宕(
n
:3
'
)E31 ,
wher ei,A - ∑f= ,･ ai,･Ci(i)･ T hisimplie s cd(f[cy])- cd(I), whichisthe r equir edequ ality･
The re st ofthis s e ctio nis de v otedto r e vie wlngthethe o ry ofR uler-Poin c a r6 char-
a cteristic of Ko szulc omple x e sdu eto Au sla nder-Bu chsbau m[1] and Fra s er[4]. Let
al,a2,
･ ･ ･
, ae(A ≧ 1)be ele m e ntsin A･ We s et I - (al, a2, - て ,ae)A. We de n ote by
Hi(al, - ,ae;M)the i-th ho m ology m odule ofthe Ko szulc o mplex K .(al, - , ae;M).
Bec a u s eI ･ Hi(al, - ,ae;M) - (0),the clas s[Hi(al, - , a2;M)]∈ Ko(A/I)ca nbe c o n-
sidered for anyi. We s et
xA(al, - , ae;M) - ∑(- 1)i[Hi(al, - ,ae;M)]∈ K.(A/I)
i≧O
and callit the R uler- Poin c a r6cha r a cteristic.
Pr opo sitio nl･2･8(【1, 3.2])Lei Oう L I M I N ぅ O be a nex a ct s equ e n ce in A
m od . Then w eha ve
xA(al, - ･ ,ae;M) - xA(al, - , ae･,L)+ xA(al, - ae;N).
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Proof. T helo ng e x a ct sequ e n c e
･ - 1 Hi(al, ･ ･ ･ ,ae;L) 1 IIi(al, - , ae;M) 1
Hi(al, ･ ･ ･ ,ae;N) 1 Hi_ 1(al, - , ae;L) う ･ ･ ･
de riv ed fr o mthe sho rt exa ct s equ e n c e0 - + L ) M ) N ) 0 implie sthe r equir ed
equ ality･
By 1.2.8 w e s e ethat there e xists agr o up ho m om orphis m xA(al, ･ ･ ･ , ae): Ko(A) う
Ko(A/I)se nding【M]to xA(al, - , ae;M)forM ∈ A m od I
Pr opo sitio n1.2.9(【1, 3･2],【4, 1･2])Let M ∈ A m od ･ Ifaln M - (0)for s o m e
n > 0, the nxA(al, ･ ･ ･ , ae;M) - 0.
Pro of lf A - 1, w e m ay c o n side rthe clas s[M] ∈ Ko(A/I), s othe e x a ct s equ enc e
o 1 (0):M al う M 卑 M う M/alM I OimpliesxA(al;M) - [M/alM] - 【(0):M al一 -
[M] - [M] - 0. Sup po s e ≧ 2. Be c a u s e aln M - (0) andZn - al
nA +(a2, ･ ･ ･ , ae)I
n - 1
,
we ha v e, for al 1 i≧ 0, Zn ･ Hi(a2, - ,ae;M) - (0), a nds o w em ay c onside rthe cla ss
[Hi(a2, - , ae;M)]∈ Ko(A/I)I We s eti - ∑i≧.(
- 1)i[Hi(a2, - , ae;M)]∈ Ko(A/I)･
Now c onsideringthe long exa ct s equ en ce
- ･ う Hi+1(al, ･ ･ ･ , ae;M) う Hi(a2, ･ ･ ･ , ae;M) ち
Hi(a2, - , a2;M) 1 Hi(al, - , ae;M) 1 -
w ege七xA(al, - , ae;M) - i - i - 0 andthe pr o of is c o mpleted･
P ropositio n1.2･1 0([1, 3.3],【4, 1･7])LetM ∈ A m od . Iie≧2, w eha v e
xA(al, - ,ae;M) - x互(布 , - , 布)(xA(al;M)),
whe r e京 - A/alA a nd両 de n oie sike cla s s ofaiin 且
Proof･
<
Weput L - (0):M al and 詔 - M/alM ･ Let u s c o n siderthe e x a cts equ e n c e
O I L I K.(1;M)1 K .(al;M)1 扉 1 0
ofc o mplexe s･ Applying I ⑳A K ･(a2, ･ ･ ･ , a2;A)toit, w eget the s equ enc e
O I K ･(萄 , - , 両;L) 1 K .(1, a2, - ･ , ae;M) 1
K .(al, a2, ･ ･ ･ , ae;M) ヰ K .(布, - , 両 面) 1 0
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of co mplex es, whichis also e xact as K .(a2, - , a2;A)is afr e e co mplex ･ We dividethis
sequence in to tw o short ex a ct s equ en c es
(～) 0 1 K ･(布, - , 両 L)1 K･(1, a2, ･ ･ ･ , ae;M)ヰ X . う 0
(州) 0 う X ･ う K･(al,a2, - ･ , a2;M)1 K･(布, ･ ･ ･ , 両 M)1 0 .
a nd
Be c a u s eHi(1, a2, ･ ･ ･ , a2;M) - (0)for alli, by(#)w eget Hi(X ･)空 ･ Hi1 1(布, ･ ･ ･ , 帝;L)
fo r ali, ands o∑i(- 1)i[Hi(X ･)]ニ ー x才拓, ･ ･ ･ , 両 L)inKo(A/I)I Fu rthe r m orethelo ng
e x a ct s equ e n ce de riv ed fr o m(鮒impliesxA(al, a2, ･ ･ ･ , a2;M) - x方向, ･ ･ ･ 濁;詔)+
∑i(- 1)
i[Hi(X ･)1･ T her efo r e
xA(al, a2, ･ ･ ･ , ae;M) - x3:描, - ,両 肩) - x才拓, - I , 帝;L)
- x才(両, - , 帝; xA(al,M))
asxA(al, M) - 同 一 [L]in K.(A/alA), T hu s w eha v e c o mpletedthe pr o of.
Pr opo sitio n 1.2.l l([4, 1･7])Lei 0< k < e. The n舌hefollo wingdiagram
Ko(A)
X A(聖与,
ak)
Ko(i)
lI J 柘(両 市 ･ ･ ･ 南)
Ko(A)
X A(aB ,
ae)
Ko(A/I)
is co m m utativ e, where 互 - A/(al, - , ak)A a nd両 denoie sthe cla s sofaiin 克
Pr o of. Wepro veby in du ctio n on k. Ifk - 1, w eim m ediately get the a sertio nby1.2.10･
Let 2≦ k < 2. We s et A
/
- A/(al, ･ ･ ･ , aた _ 1)A andden ote by ai′ theim age of aiin A/I
Then bythehy pothesis ofin du ctio n
xA(al, - , a2) - XA,(ak
l
, ak+1
/
,
- ･
,
a2
/
)O XA(al, - , ak _ 1)
- x言(両石, . ･ ･ , 両)｡ xA′(ak
'
)｡ XA(al, ･ ･ ･ , aた - 1)
- x言(布石, - ,萄)｡ xA(al, - , ak),
which isthe r equir ed as s ertion .
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1.3 Supe r丘cial ele m e nt a nd a n alytic spr e ad
ln this s ectio n w e r e c all the n otio n s ofs uper丘cialele m e血 (cf. [11】)a nd a n alytic spr e ad
(cf. [12】), ge n er alizing the m slightly･ Let G be the a ss o ciated graded ring G(I) -
On≧oI
n/Z
n'1
･ Let M ∈ A m od and letX bethe a ss o ciatedgr adedG - m oduleG(I, M) -
On≧.I
n M/I
n'1M ･ Fo r a n ele m e nt a ∈I, w e s et a
*
- a m odZ2 ∈ Gl･
I)e m ma 1.3.1 Let a ∈ I. The nthefollo wing c o nditio n s a r e equiv ale nt.
(1) The re e xists c> 0 s uchthat(I
n+1M ‥M a)nlcM - In M for al n > c･
(2) The r e e xists c> 0s u chiha舌a
* is a n o n-z e ro-divis o r o nXI≧c ･･ - O n≧c l
n M/In+1M ･
(3)IfG+ 望Q ∈ AssG X , the n a
* 卓Q･
Proof. (1) * (2)is obvio u s.
(2)⇒ (3) Sup po s eG+ 廷Q ∈ AssG X ･ T he n(G+)Q - GQ andQGQ ∈ AssG Q XQ･
On the other ha nd, w eha v e(Xt≧c)Q - XQ aS Xl≧c - a+
c
･ X ･ He n c eQGQ ∈
AssGQ(XI≧c)Q andso Q ∈ AssG XI≧c, which m e a n s a
*≠Qsinc e a* is a n o n- z er o-divis o r
on XI≧c bythe ass11m Ption ･
(3)i(2) Let AssG X - (Ql, ･ ･ ･ ,Qn)a ndn?= 1 Zi - (0)be aprim a rydeco mpo sitio n
of(0)in X s u chthat AssG X/Zi - (Qi)I We m ay a s s u m ethat,fo r s o m eintege r m with
O ≦ m ≦ n, G+ ⊆ Qi ifl ≦ i ≦ m a nd G+ 望 Qiif m + 1 ≦ i ≦ n . Be c a u s e
Qi - J m ,the r e e xists c> Os u chthat a+
c
･ X - kl≧c ⊆ Zifo r1≦i≦ m . Sup po s e
f ∈ XI≧c and a
*
f - 0. The n, fo r m+1 ≦i≦ n, w eha v ef ∈ Zi Sinc e a
'
卓Qi and
AssG X/Zi - (Qi). Co n s equ ently, w e s e ef∈(Xl≧c)nZm +1∩ ･ - nZn ⊆ ∩?= 1Zi - (0),
s oi - 0･ T herefo r e a* is an o n- ze r o-divis o r on Xi≧c and the pr o ofis c o mpleted･
Wes aythata ∈Iis as uperficialele m e nt ofIwithr espect to M ifon e ofthe c o nditions
ofI.3.1 is s atisfied. Be c a u s e w e a s s u m ethatA/m isinfinite,the existe n c e ofa s uperficial
ele m entis alw ays gu a r ante edbythe c o nditio n(3)of I.3.1.
Le m m a1.3.2 Lei a be as upe rBcial ele ment off withrespe c舌io M . The n,for m ≫ 0,
w eha ve
(1)aM nZn M - aZn
~ 1 M
,
(2)Zn+1 M :M a - ((0):M a)+ Zn M ,
1 3
(3) ((0):M a)nZ
n M - (0)a nd
(4)Zn((0):M a) - (0)･
p,o of. Let c ' Obe an integer s uchthat(I
n '1M :M a) nl
cM - In M fo r a ny n ' c･
(1) By Artin - Re esle m m a, ther e exists apo sitiv ein tege r r s u chthat Z
n M naM -
Zn
- r
(Z
rM naM)⊆ aZn
- r M fo r al n > r･ Ifn > r + c, the nI
n - r M ⊆ ZcM , a nds o
zn M na M ⊆Z
n M naZ
cM - a((Z
n M :M a) nZcM)- aZn
1 1 M ･
(2) Letx ∈ Zn+1M :M afor n ≫ 0･ T he n a x∈ Zn+1M naM - aln M by(1). He n c e
a x - ayfo rso m ey ∈ Z
n M , whichimplie s x- y ∈(0):M a a nds o x∈((0):M a)+ Zn M .
T hu s w eget Z
n +1M :M a - ((0):M a)+ ZnM since the right ha nd side is obviou sly
c o ntain edinthele氏ha ndside.
(3) For a nyinteger n> c, w eha ve((0):M a)nl
cM ⊆(Z
n+1M :M a) nZ
cM - Zn M ･
He n c e((0):M a) nl
cM ⊆nn >c Z
n M - (0)･
(4) We ha v eZ
c
((0):M a)⊆((0):M a) nZ
cM - (0)by(3)･
Le m m a1.3.3 Le去a be asuper声cialele m e nt off withrle SPe Ct tO M . The nike s equen c e
o ぅ (0):M a l M/Z
n M 阜 M/Z
n+1
ぅ 面/I
n+1扉 う O
is e £αcifo r n≫ 0, whe re好 - M/aM .
Pr o of. Let u s c o n siderthe e x a ct s equ e n c e
o l In +1M :お a/Z
n M ぅ M/Zn M 阜 M/Zn +1 M 1 扉/I
n+1好 ヰ 0.
By1.3.2,fo r n}> 0, w eha v e
zn +1M :M a/Z
n M
i;■ら
((0):M a)+ In M
In M
(0):〟 α
((0):M a)n Zn M
望 (0):M a ･
He n ce w eget the reqnir ed ex a cts equ en c e.
Weden otebye(I, M)the K rul1dim e n sio n ofthe G - m od ule X/m X ･ In pa rticula r we
w ritee(I) - A(I,A), which is c alledthe analytic spre ad of I(cf･ 【12】)･ In gene r al,_
w e
ha v e0≦e(I, M)≦A(I). Bec au se w e are a ssu m ingthat A/m is in fin te,e(I) - pA(J)
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for any minim alr edu ctio nJ ofI. T heinequalitieshtA I ≦ e(I)≦ min(dim A,FLA(I)i
ar e valid for anyide alIin A. He nc eifIis m-prim ary,e(I)- dim A. We n otefo rfutu r e
u s ethat if I- (al, - , ae)A and e(I) - e,the ne((al, ･ ･ ･ , ak)A) - k fo r0≦ k≦e. In
fa ct, s etting K - (al, ･ - , ak)A andL - (ak+1, ･ - , ae)A, w eha v e(I)≦e(K)+2(L)(cf.
[12,§8 L E M MA l]),A(K)≦ k a nd A(L)≦e - k, whichimplyA(K)- k･ In pa rtic ular,
ifal, ･ ･ ･ , ak is a sllbsyste m ofpa r am ete rs(ss op)forA, the ne((al, ･ - , ak)A) - k. We
fu rthernotic ethat if I- (al, ･ ･ ･ ,ae)A andal, ･ ･ ･ , aeis ad-s eqll e n C e O nA(cf.[7】),then
e(I)- e be c a u s eby[8,3･1]G/m G isis o m orphicto apolyn o mialring ove rA/m with e
va riable s.
Lem ma 1.3.4 Ife(I, M) - 0, the nI⊆ 応 好 .
Proof. Be c a u s ee(I, M) - 0, w ehav e 碗 Ⅹ - m G+ a+ . He n c eG+
n
･ X ⊆ m Xfo r
s o m e n> 0. The n,lo oking at the n-th ho m oge n e o u s c o mpone nts, w eget Z
n M - mln M
a nds oIn M - (0)by Nakaya m a
'
sle m m a.
Le m m a1.3.5 Suppo s e(I, M)> 0. The nthe re e xists a n el m e nt a ∈ I s atisfyingthe
follo win9 c o nditio ns:
(1)a is apa rt ofa minim alsystem of9e n e r atO r SforI.
(2) a is a s upe rJIcialelem enま ofI with re spect to M .
(3)e(I,詔) - e(I, M) - 1, whe re好 - M/aM .
Pro of･ Le七 p : I I G be the A-lin e a rm ap such that p(a) - a
* for a ∈ Z･ Let
7 - (Q ∈ AssG XIG+ 望Q). For Q ∈ F, w e s et V(Q) - p
~ 1(a)+ mI/mI, whichis
an A/ⅡトS 11bspa ce of I/mI･ We n otic eV(Q)≠I/mI. In fa ct,ifV(Q)- I/mI, w ehave
Z - p
~ 1(Q)a nd s oG+ ⊆ Q astheim age ofpis Gl. B11七this c o ntr adictsto Q ∈ F .
Ne xt,for P ∈ AsshG X/m X, w e s et W(P)- p
- 1(p)+ mI/mI･ Suppo s eW(P)- I/mI･
T he nI - p
- 1
(p)a nds oP - m G + G+, which isthegr aded m a xim al idealof G･ He n c e
dim G/P - 0. But this c ontr adictstothe a ss u mptio nthate(I, M)> 0･ Co n s equ e ntly
W(P)≠I/mI. Be c a u s ew e are a ss u mingthatA/m isinfinite, w ec an cho o s e an ele甲e nt
α ∈ ∫s otbat
(i)百官Ⅴ(Q)for a ny Q ∈ F and
(ii)有≠W(P)for any P ∈ AsshG X/m X,
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wher e 房isthe class of a inZ/mI･ The n, a s夜 ≠0, ais apart ofa mimim alsyste m of
gen er ato rsfo rZ･ M o
r e o v e r w ehave a* 卓Qfor any Q ∈ 7 by(i), s oa is､a s uperficial
ele me nt ofI withr e spe ctto M . By(ii)w ese e a* 蛋 P fo rany P ∈ AsshG X/m X, s o
a
* is a sopfo rX/m X . He nc e, in o rderto se ee(I,肩) - e(I, M) - 1, itis e noughto
sho wdim G X/m X + a
*Ⅹ - dim G G(Ⅰ,甲)/m G(Ⅰ,雨). In fa ct, as[X/m X + a*Ⅹ】n -
In M/mln M + al
n - 1 M and[G(I,肩)/m G(Ⅰ,甲)】n - In M + aM/mln M + aM for a ny
n さ Z, 也er e e xiststhe c an onicalepim orphis m p :X/m X + a
*Ⅹ ヰ G(り拓)/m G(Ⅰ, 砺)
ofgr aded G- m odules. T he n w eba 問
[Ke rp]n
～
㍗ 〟 ∩(mln M + aM)
mln M + aim
- 1M
mln M +In M n aM
mln M + aln
~ 1 M
~
He n c e
,
fo r n≫ 0, w eha v e【Kerp]n - (0)sinc eZn M naM - aZn
- I M by1.3.2. The r e-
forelengthG Ke rp < ∞ , a nds o w eget the r equir ed equ ality of Kr ulldim e n sio n s･ T his
c o mplete sthe pr o ofof1.3.5.
1.4 H ilbe rt-Sa m u el fu n ctio n
For M ∈ A m od , w ede丘n ethe fu n ctio n x㌢ : Z I Ko(A/I)by s etting xr(n) -
tM/I
n+1M] and c all it the Hilbert-Sa m u elfu n ctio n of M withrespe ct to Z･ We simply
denote xヂby xI.
Theo re m 1.4.1 Let M ∈ A m od . The n
m ax(dim AQ MQIQ ∈ M inA A/I)≦deg x㌢≦e(I, M)･
Inpartic ula r we ha ve
htAZ≦deg*z≦A(I).
Fere w e n otic ethatdim A M - - ∞ if M - (0).
L占m 血 a i･4･2 Ifdegx㌢≦ 0, the ndim AQ MQ ≦degx㌢for a nyQ ∈ MinA A/Z･
Pro of. Le七 u sfirst c onsider the c as e wher edeg x㌢ ニ ー 1. T his m e an sx㌢ ≡ 0, s o
【M/In M] - 0 in Ko(A/I)for n ≫ 0･ Henc eifQ ∈ M inA A/I, w eha ve, for n ≫
0, MQ - I
n MQ a S[MQ/I
n MQ] - 0 in Ko(AQ/IAQ)and a sAQ/IAQ is Art in ia n, s o
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MQ
- (0)by Nakaya m a
'
sle m m a･ Sup po s e n e xt deg xI
M
- o･ T he n a s△xr ≡ 0,
【M/I
n +1M] - 【M/Zn M]in Ko(A/I)for n≫ 0･ He n c eifQ ∈ MinA A/I a nd n ≫ 0, w e
ha v eZn+1MQ - Z
n MQ a nds oZ
n MQ - (0), which m e a n sdim AQ MQ ≦0･ Thu s w ehav e
pr o v edthe r equir ed a ss ertio n･
Proofofl･4･1･ We pr o v ebyindu ctio n o ne(I, M). LetA(I, M) - 0･ T he nZn M - (0)
for n≫ 0by l･3.4, s ox㌢(n) - [M]for n≫ 0, whichimpliesdeg xr≦ 0. He n c e w e
get the r equir edin eqllalitiesby1.4･2･ Let n o we(I, M)> 0. Again by1.4･2 it is e n o ugh
to co n siderthe c a s ewher edeg xz
M ≧ 1･ By l･3･5 w e c a n cho o s e an ele ment a ∈ I s o
that a is a s uperficialelem e nt of Iwithr espe c七to M and A(I,詔) - e(z, M) - 1, where
好 - M/aM . The n,by1.3.3, w ehave a n ex a cts equ enc e
O 1 (0):M a l M/I
n M 阜 M/I
n+1 M 1 肩/z
n+1肩 1 0
for n ≫ 0･ Notic ethat the clas s[(0):M a]c anbedefin ed in Ko(A/I)by(4)of1.3･2. T hu s
x賢(n) - △x㌢(n)+[(o):M a]for n≫ 0, a nds ox賢≡ △x㌢+I, whe r ei‥ Z ぅ K.(A/I)
isthe c o n st antfu n ctio n s u chthatI(n) - [(0):M a]fo r any n ∈ Z . Be c a u s ed g x㌢≧1
a nd degJ≦0, w e s e e
deg xr -i
deg xr - 1 if degxr≧ 2
- l o rO if degxr - 1 .
LetQ ∈ M ind A/Z･ T hen,bythehypothe sis ofindu ctio n, w eha v edim AQ 詔Q ≦deg x㌢,
a ndso
dim AQ MQ ≦ dim AQ M Q + 1
≦ deg x㌢+1
≦ deg x㌢.
Mo reo v er, when deg x㌢≧2, w eget
deg x㌢ - deg x㌢+ 1
≦ e(z,好)+1
- e(I, M).
Be c a u s e w e ar ss u minge(I, M)> 0,theinequality deg x㌢≦e(I, M)holds obvio u sly
ifdeg x㌢ - 1. Thu s w eha v e c o mpletedthepro of.
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Definitio n l･4･3 Lei M ∈ A m od ･ We s et ei(I, M) - ci(x㌢)∈ Ko(A/I)fo ri ≧ 0.
The nei(I, M) - 0fori>A(I, M)and
x㌢(孤)-冒(
n
:
i)ei(I, M,
in Ko(A/I)lo r n≫ 0･
Pr opo sitio n1.4.4 Let M ∈ A m od . The n w eha v ethefollo wing a ss e rtio n s.
(1) Leta be a s upe rBcialele m e nt oil with re spe c舌io M . We s et詔 - M/aM . The n
ei(I,詔) - ei+1(I, M)fo r a nyi≧1 a ndeo(I,詔) - el(I, M)+[(0):M a].
(2)ei(I, M)Q - ei(ZAQ, MQ)for a nyQ E V(I)･
Pro of. (1) Let n }>0. T he n, by1.3.3, ther e exists a n e x a cts equ e n c e
o 1 (0):M a う M/Z
n M 阜 M/J
n +1M 1 好/I
n+1好 1 0,
fr o m which w e s e e
xr(n) - x㌢(n卜 x㌢(n - 1)+【(0)
冨{(
n
:i)-(
:M
】
H
■ー
邑0
【‖
川Ⅶ
l
一
Ⅷ
川
】[+叫
r
J
I
H
Ⅶ
_
一
川
l
,
in
l
川
l
肌
以
.
り
J
+ー
.
り
J
犯
芸(
n
:ヱT
1)e3･(I, M)+【(0,:M a]
冒(
n
:
i)
:M a]
e叶 1(∫, 〟)+(el(∫, 〟)+【(0):〟 α]).
Thu s w eget the r equired eq-ユalities.
(2)Beca-1S e
[M/I
n'1M] -冨(
n
:
i
)ei(I, M,
for n}>0 andthelo c alization Ko(A/I) ) Ko(AQ/ZAQ)is agro up ho m o m o rphis m, w e
have
xTAQQ(n, - [M/I
n '1M]Q -冒(
n
:
i
)ei(I, M)Q
for n ≫ 0. Henc e ei(IAQ, MQ) - ei(I, M)Qfo r anyi≧0･
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Cor olla ry l･4･5 Let M∈ A m od a ndQ ∈ Ⅴ(I)･ Ifei(I, M)Q≠0, ihe ni≦htAQ･
Pr o of･ Suppo s e ei(I,M)Q≠0･ The n,byl･4.1a nd(2)ofl･4･4, w eha v ei≦e(IAQ, MQ)≦
e(I AQ)≦dim AQ - htAQ･ Tlmsthe r equir edin equalityfollo w s･
Pr opo sitio n 1.4.6([4, 3･1】)Lei Ibe ge n e r ated by a n M - regula r s equen ce ofle ngth m .
The n em(I, M) - 【M/IM]a ndei(I, M) - 0fo r a nyi≠ m .
pr o of･ Le t i≧0･ Be c a u s eIiM/I
i'1M isis o m o rphictothedir e ct s u m of(
i'
m
m
_;
1
)c opies
of M/Z M, we ha v e
[I
iM/I
i･1M] -(
i'
m
m
_T)[M/IM]
in Ko(A/∫). The n
n
x㌢(n) - ∑【IiM/Ii'1M]
i= 0
･
i
.≡,__(
i+ m - 1
Eii!= i!))[M/I M]
(
n '
m
m
)[M/I M],
ands o w eget仏e r equir eda ss ertio n.
T hefollo wing r e s ult isdu eto F hs e r[4]. We willgiv e a n otherpr o ofu sings uperficial
ele m e I止.
Pr opo sition l･4.7(【4, 2.6])Let Ibe minim aly ge ner ated by al, a2, - , am . The nfo r
a ny M ∈ A m od w e ha ve △
m
x㌢(n) - xA(al, - ･ , am;M).
We n e edthefollowing
Le m m a1.4.8 Let M∈ A m od ,e≧2 a ndal a S uperficialele m e nt oil withre spe ct io
M . The n
xA(al, a2, ･ ･ ･ , ae;M) - x瓦(両 , - ･ , 両 M),
whe re京 - A/alA, 厨 - M/al M a nd萄 isthe class ofaiin 且
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Pro of. By1.2.10w eha v e
xA(al,a2, - , a2;M) - x才拓, - ,両 肩) - x言拓, - ,両(0):M al)･
Be c a u s e a2
n((0):M al) - (0)for s o m e n> 0 by(4)ofl･3･2, the r equired equality holds
byュ.2._9.
Proofof1.4. 7. Let u spr o v ebyinduction o nm . SllPpOS efir st m - 1･ T he nby(3)of
1.3.1 alis a s11Per丘cialele m e nt ofI - alA withr e spe ct to M . He n c e,for n≫ 0,
o 1 (0):M al う M/al
n M 卑 M/al
n + 1M I M/alM I 0
is e x a ct by 1.3.3, and s o△x㌢(n) - [M/alM 卜【(0):M al - XA(al;M). Let n e xt
m >
_
2. By 1.3.5 the r e e xists a s upe rficialele m e nt a ofI with re spect to M s u chthata
is apart ofa minim alsyste m ofge n er ato rsfo rI. Sup po s ethatb2, I ･ ･ ,bm are ele ments
with I- (a,b2, ･ ･ ･ ,bm)A･ T he n, a sHi(al, a2, ･ ･ ･ , am ･, M) -= Hi(a,b2, ･ ･ ･ ,bm ･, M)for all
i, xA(al, a2, - ･ ,a m ･, M) - xA(a,b2, ･ ･ ･ ,bm;M)･ Co n s equ e ntly, w e m ay a s s u m e al - a ･
we s et 互 - A/alA, 好 - M/alM and de n ote by 両 the clas s ofai in瓦 No w, again by
I.3.3
,
the sequen ce
o 1 (0):M al l M/I
n M 卑 M/I
n+1M 1 詔/z
n +1詔 1 0
is exa ct fo r n≫ 0, which m e an s△x㌢ ≡ x昌 一 fwher eI:Z う Ko(A/I)isthe c o n stant
function withI(n) - [(0):M al for a ny n ∈ Z･ Ther9fore,fo r n≫ 0, w eget
△ m x㌢(n) - △ m
~ 1(瑞 - I)
- △ m
- 1
x芸(n) (as m≧2 a nd degf - 0)
- x方向, - ,石蒜;詔) (bythehypothe sis ofindu ction)
- xA(al, a2, ･ ･ ･ , am;M) (byl A.8)
a nd thepro ofis c o mpleted.
Co r ollary 1.4.9 Le舌 M ∈ A m od . Iflis minim ally 9e ner aied by al, a2, ･ ･ ･ ,am a nd
A(I, M)< m , The nxA(al, - ･ , a m;M) - 0.
Proof. By 1.4.1 the a ss u mption impliesdeg xr < m , s o△ mxIM ≡ o. Hence w e get the
a s s ertio nby1.4.7.
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1.5 M ultiplicity
In this s e ctio n w e c o n c etrate o u r attentio n o nthe
"top te r m
" in the e xpr e ssio n of
a Hilbert-Sa m u elfu n ction llSl ng bin o mial c o e瓜cie nts. Thr o ughollt this s e ctio n d -
dim A,e - e(I)and M ∈ A m od .
De丘nitio n 1.5.1 We s eteI(M) - ee(I, M)a ndc allit the miLltipliciiy ofM withr e spe ct
to I.
propo sition 1.5.2 ez(M) - △ex㌢(n)lo r n≫ 0. He n c e ez(M) - 0ife(I, M)< e.
Pr o of. T hisfolo w sim mediately from I.2.6.
Pr opo sition 1.5.3 Let m ≧1. The n, ide ntifyingKo(A/I)with Ko(A/Zm)thro ughthe
is o m o rphis m Ko(A/I)与 Ko(A/Zm)indu c edfro mike c a n o nic als u rje ctio nA/Zm l A/I,
w e9eiez-(M) - m
2
･ ez(M).
pro of. Let u sde n ote by q the is o m o rphis m Ko(A/I)与 Ko(A/Zm). We notic ethat
q(x㌢(m n+ m - 1) - x箆(n)fo r a ny n ≧1. Let Xbe anindete r min ate. We s et
Fi(X) -(m
X +r '
i
)
for0 ≦i≦ e. T he nFi(X)is a n u m e ric alpolyn o mialofdegr e ei. He n c eby[1 1,(20.8)]
ther e e xist in teger s aiO, ail, ･ ･ ･ , aiiS u chthat
%
Fi(X)- ∑ aij
3
1
-0 (
x
;
X +i
In partic ular w e c an cho o s e aeo, ael, - , aceSOthat ape - m
e
sin c e
G(X): - Fe(X) - -
A(
x
e
'e)
is a n um e ric alpolyn o mialof degr e e - 1. Se ndingby q thebothside s ofthe equ ality
e
xr(m n+ m - 1)主 ∑Ei(n)･ ei(I, M)
i= O
in Ko(A/I)for n }>0, w eha ve
e
xfr-(n) - ∑Fi(n)･ q(ei(I, M))
蓋eai3･(n:3
.
)･ q(ei(I, M,,
-(
n
:
e
)･ -e ･ q(eI(M))+覧(nI3
'
)･E3･ ,
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whe reE3･ - ∑f=,･ ai,･ J(ei(I, M))･ T he r efo re w eget eI-(M)
- m
e
･ q(eI(M))sin c e(Zm) -
A(z) - A, w hich is the requir ed ass e rtiqn ･
p r opositio n 1.5.4 LetZ - (al, ･ ･ ･ , a2)A a ndal, - , a2is a nM - re9ula r s equ e n ce･ The n
cI(M) - [N/Z M]･
Pr oof. T hisfollo w sim m ediatelyfr o ml A･6･
Pr opositio nl･5･5 LetQ ∈ Ⅴ(I)･ Zfe(ZAQ) - m , the n eI AQ(MQ) - em(I, M)Q･
Pro oft Bydefinitio n ez AQ(MQ) - em(IAQ, MQ)I He n c ethe a ss ertio nfollo w sfr o m(2)of
1.4.4.
Let u sde n otebye
/
z(M)the o rdin a ry m ultiplicity of M withr espe ct to an m- prim a ry
ide alI. T he n, asis n otic edin theintr odu ctio n, whe nIis m-prim ary, ez(M)is s e nt to
e
′
I(M)bythele ngth fun ctio nKo(A/I)与 z･ M o r ege n e rally w eha v ethefollowing.
Lem m a1.5.6 LeiQ ∈ Mind A/I withhtA Q - s. Let
es(z, M) - ∑ m p ･【A/P] (mp ∈ Z)
P∈Ⅴ(I)
in Ko(A/I)I Then mQ - e
'
z AQ(MQ)･
Proof･ Be c a u s ee(IAQ) - dim AQ - a, ez AQ(MQ) - es(I, M)Q by l･5･5･ On the other
ha nd, es(I, M)Q - m Q ･[AQ/QAQ]bythe a ss u mptio n･ Thu s ez AQ(MQ) - m Q ･[AQ/QAQ]･
se ndingthebothsides of this equal itybythele ngthfu n ctio nKo(AQ/ZAQ)ち z, w eget
the r equired as s ertion ･
Le m m a 1.5･7 Lei N be a nA -s ubm odule ofM s uchthat I⊆Ja血A 抑 ･ Ife> 0, w e
ha ve eI(M)- eI(N).
Proof, Bythele m m a of Artin- Re es,the r e e xists an intege r r> 0 s u ch that Zn M nN -
Zn llrM nN)for any n > r･ Cho o sing r a sbig a s e n o ugh, w e m ay a ss- - eI
rM ⊆ N ･
The nZn M nN - In
- rN for any n > r･ No w w e c onsider,for n > r, the ex a cts equ enc e
O + N/Z
n - r N ) M/Z
n M ) M/N - + 0,
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whichimplie sx㌢ ≡ xINトr]+I whe r ei: Z I Ko(A/I)isthe c o n stamifunctio n s u ch
thatI(n) - [M/N]for a ny n E Z ･ T herefo r ew eha v e
ez(M) - ce(xr)
- ce(x㌢トr]+I) (by1.2.5)
- ce(xI
N
トr]) (ase > 0)
- ce(x㌢) (by1.2.7)
- eJ(〟),
a nd 也e pr o ofis c o mpleted.
Pr opo sitio n1.5･8 LetJ be a redu ctio n ofI. The n via theis o m o rphis m Ko(A/I)ち
Ko(A/J)indu c edfro mthe c a n o nic als u rje ctio nA/J I A/I, w eha v e ez(M) - eJ(M).
Proof. We de n ote by J the is o m o rphis m Ko(A/I)3 Ko(A/J). If e - 0, w eha v e
q(ez(M))- eJ(M) - [M]. LetA > 0 andlet r > O be an in teger with Zr+1 - JZr .
T hen,for a ny n }i, 0, w eha v e[M/In+r M] - [M/JnlrM] - [M/Ir M]+[IrM/JnlrM]in
Ko(A/J), which m e a n sq o xr[r] ≡ xZfM +I whereI: Z I Ko(A/J)isthe c o n st ant
fu n ctio n witllI(n) - 【M/ZrM]for a ny n ∈ Z. The r efore w eha v e
J(eI(M)) - q(ce(x㌢))
- o
-
(ce(x㌢[r])) (by1.2.7)
- ce(q o x㌢[r])
- ce(xzJ
r M +i) (by 1.2.5)
- ce(xzJ
r M) (asA> o)
- eJ(IrM)
- eJ(M) (by1.5.5).
T hu s w eget the requir ed equ ality.
By virtu e of l A.7 a nd1.5.8, w eim m ediately get thefollow mg.
Theore m l･5.9 Leie≧ 1 a nd J- (al,a2, ･ ･ ･ ae)A be a minim al redu ctio n oil. The n
eI(M) - xA(al, - , a2;M)viaikeiso morphism Ko(A/I)与 Ko(A/J).
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Co rol a ry 1.5.10(【4, 1.12])Letal, a2, ･ ･ ･ , am be elem e ntsin m･ Thenfor a ny positive
integers nl, n2, ･
･ ･
,
n m , W eha v e
xA(al
n l
, a2
n 2
,
･ ･ ･
,
am
n
m
;M) - nln2 ･ ･ ･n m ･ XA(al, a2, ･ . ･ , am;M)
thro ughtheis o morphism Ko(A/(al, a2, - ･ ,am)A)与 Ko(A/(alnl, a2n2, ･ ･ ･ ,a n n -)A).
Pro of. It is e n o ughto sho w xA(aln, a2, ･ ･ ･ , am;M) - n ･ xA(al, a2, ･ ･ ･ , am;M)for any
n > 0. Suppo s efir st m - 1. Notic ethatA(alnA) - e(alA). Ife(alA) - 1, by1.5.S and
1.5.9 we ha v exA(aln;M) - ealn A(M)- n ･ ealA(M)- n ･ xA(al;M)･ Ife(alA) - 0,the n
xA(al
n
;M) - xA(al;M) - 0 by l･4･9, s othe r equir ed a s s e rtio nis?bvio u slytr u e･ Let
no w m≧ 2. We pu七万 - A/alA(re sp. A
/
- A/alnA) and denote by 句
■
(r esp. ai
′
)the
im age ofai in講(resp. A'). As w ehav ealreadys e n, xA(aln;M) - n ･ xA(al;M)through
theis o m orphis m Ko(i)3 Ko(A'). He n c eweget
xA′(a2
1
,
･ ･ ･
, am
/
)(xA(al
n
;M))- n I x瓦(両, ･ ･ ･ , 句完)(xA(al;M))
thr o ughtheis o m o rphis m Ko(A/(al,a2, - ･ , a-)A)与 Ko(A/(al
n
,a2,
･
∫
･
, a-)A)sincethe
diagra m
Ko(i)
柘(空耳
拓)
Ko(A/(al, a2, ･ ･ ･ , am)A)
J J
Ko(A
,
)
XA'(ais,
a -
I)
Ko(A/(al
n
,
a2,
-
,am)A)
is c o m m utative. On the othe rhand, by1.2.10w eha v e
xA(aln , a2, - ,a m;M) - xA′(a2
'
,
-
,
a m
′
)(xA(al
n
;M))
and
xA(al, a2, ･ - ,a m;M) - x互(萄, - , 砿)(xA(al;M))･
Therefore w eget the r equired equality.
T he n extpr opo sitio nis adir e ct c ons eqll e n C e Of 1.2.8, 1.5.6 a nd 1.5･7.
Pr opo sitio n1.5.llLei OI L I M I N う O be a n e ∬a cis equ e n c ein A m od ･ Then
ez(M)- ez(L)+ ez(N)･
24
By virtu e ofl･5･11w eget thegr o up ho m o m orphis m ez : Ko(A) ) Ko(A/I)s ending
【M]to ez(M)for any M ∈ A m od I IfJ - (al, ･ ･ ･ , a2)Ais a minim alr edu ction of I,
thefollo wingdiagra m
Ko(A) 斗 Ko(A/I)
fl ↓
Ko(A)
X A(aiq ,ae) Ko(A/J)
is c o m m utativ e, whe r ethe v e rtic al a r r o wde n ote sthe is o morphis m indu c ed fro m the
c a n o nic als u Tje ction A/J う A/∫.
Propo sitio n 1.5.1 2 Lei
[M] - ∑ mQ ･[A/Q] (m Q ∈ Z)
Q∈Spe cA
in Ko(A). The n
eI(M)- ∑ m Q ･ eI(A/Q)･
Q∈SpecA
2(t+Q/Q)-A
Proof. Notic ethat 0-≦
■
A(I+Q/Q)- e(I,A/Q)≦efor allprim eide alsQ andez(A/Q)-
o if A(1,A/Q)< e by1.5.2. T herefo r e w eget 七he r equiredequ ality sinc e
eI(M) - eI(∑ m Q ･[A/Q])
Q
- ∑ m Q ･ eI(A/a)･
Q
Whe nI is m-prim ary, 1.5.10 impliesthe additiv eform ula:
e
'
I(M) - ∑ 1e ngthAQ MQ ･ e′I(A/Q),
Q∈AsshA
be c a u s e mQ - 1e ngthAQ MQfo rQ ∈ M in A,e - d a nd e(I+ a/Q)- ′dim A/Q･
Pr opositio n 1.5.13 LeiJ - (al, - ･ , ae)A be a minim alr edu ctio n off a ndO≦k ≦e･
Weput K - (al, - , ak)A･ 1fe(I/K)- A - k, the n ez(M) - ez/K(eK(M))I
Pro of. Asthe a ss e rtion is obvio u s whe nk - 0 or k - A, w e c o n side rthe c a s ewher e
o < k < e. Le七 万 - A/K and 萄 betheim age ofai inZ. Notic ethate(K) - k a nd
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Ji - (ak+1, - , a2)互is a minim alr eductio n of Ia Then by1.5.9 a nd1.2.ll weha v e
9J(M) - xA(al, - ･ ,ae;M)
- x万(両石, - , 布)(xA(al, ･ - , ak;M))
- x才(両石, ･ ･ ･ ,両)(eK(M))
- eIZ(eK(M))･
Tlms w eget the r equir edequ ality.
Let u s n otic ethat e v e nifZ - (al, - , ae)A,2(I/(al, ･ ･ ･ ak))< e - k c a nhappe nfor
s om e0 < k < A. Fo r e x a mple,let A - F[[X,Y]]betheform alpo w e r s eries ring o v e r
a fieldF andI - (X2, x y)A. T hen e(I) - 2. Ho w e v erA(I/X2A) - 0 a sI/X2A is
nilpotent. On the other ha nd, if al, ･ ･ ･ , ae is a s s op fo rA o r ad- s equ enc e, then the
equalitye(I/(al, - , ak)A)- e - kholdsfor al 0≦k≦e･
Co r olla ry 1.5.14 Unde rthe sa m e n otatio n s a nd a s s u mptio n s a s1. 5.13,let
eK(M)三 ∑ mQ ･[A/Q] (m Q ∈ Z)
Q∈Ⅴ(K)
in Ko(A/K). Th印
eI(M)- ∑ m Q ･ eI/K(A/a)･
Q∈V(K)
e(I+Q/Q)-2 - A
Pr o of. By1.5.13w e have
ez(M) - ez/K(eK(M))
∑ m Q ･ eI/K(A/Q)･
Q∈Ⅴ(K)
Ho wever eI/K(A/Q)- 0 ife(I+Q/Q)- A(I/K,A/Q)< A - k･ He n c e w egt the r equired
eqllalitysinc ee(I+Q/Q)≦e - k for al Q ∈ Ⅴ(K).
W he nI is m⊥prim afy, 1.5.14m e a n sthe a s s o ciativityfo r mula(cf･ [11,(24･7)])･ In
fact,in that c as e,A - d and al, - , ad is a s opfor A･ Sop(I/K)- dim A/K - d - k･
Fu rthe r m o r ee(I+Q/Q)- dim A/afor allQ ∈Spe cA･ T he refore, a s mQ - e
′
K AQ(MQ)
for allQ ∈ M inA A/K byl15･6, w e ha v e
eI(M) - ∑ e′K AQ(MQ)･ eI/K(A/Q)･
Q∈AsshA A/K
26
No w s e ndingthe bothsides ofthe equality abo v ebythele ngthfun ction Ko(A/I)3 z,
w eget the as s o ciativityfo r mula.
Asis well kn o w n, whe nI is m- prim a ry, w ealw ays hav ein equ alities e
′
f(M)≧0 and
e
'
z(M)≦1engthAM/J Mfor any minim alr edu ctio nJ of A･ Now w ege n e r aliz ethes e
fa cts. Let Ko(A/I)+ den otesthe s ubs et of Ko(A/I)co n siting ofthe cla ss es of finitely
ge n er ated A/I- m odule.
Pr opo sition 1.5.15 We alw ays ha v eikefollo wing as s e rtio n s.
(1)ez(M)∈ Ko(A/I)+ .
(2) 【M/JM] - ez(M)∈ Ko(A/I)+ fo r a ny minim alredu ction J oil.
Pr oof･ By 1.5･9 we m ay assu m epA(I) - e(Hen c eI - J in (2)). We willprove
by indll Ctio n on e･ Ife - 0, then I - (0), s o ez(M) - [M]andthe a s s ertions are
obvio u slytru e･ Suppo s e2 - 1･ We w riteI - aA. T he n,by1.5.9, ez(M) - xA(a;M) -
【M/aM] - 【(0):M a], fr o m which w eget【M/aM] - ez(M) - [(0):M a] ∈ Ko(A/I)+ .
Be c a u s e(0):M ai⊆(o):M ai+1fo r alli,七her e e xis七s r> Os u chtha七(0):M ar - (0):M an
fo r a ny n >_ r . T hisimpliesthat a
r M/ar'1M
a=
r
a
n M/an '1M is an is o m orphis m for
n ≧ r. Then, s etting E - a
rM/ar+1M and L - M/arM , we have
x空オ(n) - 【M/an+ 1M]
- [M/a
rM]+[a
r M/a
r+1M]+ ･ ･ ･ +[a
n M/a
n +1M]
- (n - r + 1)[E]+[L]
-(
n
:
1
)[E]･([L] 1E])
for n≧ r･ He n c e eI(M) - [E]∈ Ko(A/I)+I Let n o w
ノ
e≧ ヨ and a s s um ethat(1)and
(2)are trllefo r a nyide al who s e analytic spre adis les stha ne. If e(I, M) < A, then
ez(M) - 0 by I.5.2 a ndthe a s s e rtio n s a r e obvio u s. Solet u s c o n sider the c as e where
e(I, M) - A. We cho o s e an ele m emi a ∈ I s atisfyingthe c onditio n s of1.3.5. We s et
請 - A/aA, 了 - I誘 and 肩 - M/aM . O fc o u rs ee(了)≦ 伯(了) - A - 1. On the othe r
h and,e(7)- e(z,i)≧e(z, 肩) - e - 1. He n c e(了)- e - 1, ands o ef(面)- eeil(了;好)･
T hen wegetef(万)- ez(M)sinc e e2 _ 1(了, 好)- ee_ 1(I,翠) - ee(z, M)by1.4.4. T her efor e
bythe hypothesis ofinduction w e e asily s e ethat the a s s ertio n s(1)and(2)aretru e･
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Pr opo sitio n l･5･16LeiI - (al, ･ ･ ･ , a2)A and letnl, ･ ･ ･ ,ne bepo sitiv eintege rs. We
ass u m ee((alnl, - , aene)A)- A. The n, ihr o u9htheis o m o rphism
Ko(A/I)1 Ko(A/(al
nl
,
･ ･ ･
,
a2
ne)A),
w eha ve
e(aln l,･ ･ ･ ,ae ne)A(M)- nln2 - ne ･ ez(M)･
proof, By1.5.9 a nd1.5.10 w ehave
e(aln l, - ,aene)A(M) xA(al
nl
,
･ ･ ･
,ae
ne
;M)
nln2
- ne
･ XA(al, ･ ･ ･ ,ae;M)
nln2
･ ･ ･ ne
･ eZ(M)･
The n e xt r esult is age n er aliz atio n ofthele m町 a Of Le ch. But in o rde rto stateit, w e
hav eto fix o n e m o r e n otatio n. Let m be a-positiv ein tege r and
f: Z x二･ ･ × Z ぅ G
m tim e s
afu n ctio n, whe r eais an additiv egr o up. Fo r1≦i≦ m , w edefine
△if: Z
_
× ･ ･ ･ × Z I G
m tim es
bys etting Aif(nl, ･ ･ ･ , ni, ･ ･ ･ , nm) - I(nl, ･ ･ ･ ,ni, ･ ･ ･ , n m) - i(nl, ･ ･ ･ , ni - 1, ･ ･ ･ , n m).
Pr opo sitio n l･5･17 LeまZ - (al, - ･ ,ae)A. We as su m ethai
e((al
n l
,
-
,
ae
ne)A/(al
nl
,
･ ･ ･
, ak
nh)A)- e - k
for allposiiiv einie9
t占rs nl, - , ne a nd O≦k≦e. Le舌
f:聖｣ご望 1 Ko(A/I)
etim es
be羊hefu n.ciio n s u chthaii(nl, - , ne) - [M/(al
nl
,
-
,ae
ne)M]･ The n w eha v e
△1△2 - △ef(nl, ･ ･ ･ ,ne) - eI(M)
fo rnl, - , ne ≫ 0.
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Pr o of. We willpr o v ebyindu ctio n o ne. Ife- 1,the a s s e rtio nis a spe cialc a s e of1.5.2.
IJete≧ 2. We fiⅩ nl > 0 fo r a m o m e nt. W e s et A
～
- A/alnlA and M
～
- M/alnl M . It is
e a syto s e ethat
ノ ヽ ′
e((a2
n2
,
-
,
ae
ne)A
～
/(a2
n2
,
-
,ak
nh)A) - e - ト k
for al1po sitiv ein teger s n2, - , , ne a nd1 ≦ k≦e(the de n o min ato ris(0)whenk - 1).
Let
9 :乙Lこご望 う Ko(A/(al
n l
, a2,
- ･
,
ae)A)
e - 1 tim es
ノ
ー 〉 ノ ー ー
bethefu n ctio n s u chthata(n2, ･ ･ ･ ,ne) - [M/(a2
n2
,
･ ･ ･
,
ae
ne)M]. The n,bythehypothe sis
ofindu ctio n, w eha v e
一
■ ■ヽ _ .. ■.■■
△1 - △e - 1g(n2, ･ ･ ･ , n2) - e(a2,. ‥ ,ae)A
-(M)
in Ko(A/(al
n l
, a2,
･ ･ ･
,ae)A)for n2, - ･ , n2 ≫ 0. No w we fu rther s e七 万 - A/alA and
肩 - M/alM . T he n, c on side ringthe c o m m utativ ediagr am
Ko(A
～
)
e
'a2jj
ae'A
～
Ko(A/(al
al
, a2,
･ -
, a2)A)
† †
Ko(i)
e
'a2ij
ae'言
Ko(A/I),
wher ethe v ertic ala r r o w sdenotetheiso morphis m sinduced fr o mthe c a n o nicals u rjectio n s
A
～
1 貢 and A/(alnl, a2, - , ae)A)う A/I, weget
△2 - △ef(nl, n2, - , n2) - e(a2, … ,ae)請(【M/al
nlM])
for n2, ･ ･ ･ , ne ≫ 0 in Ko(A/I). Onthe otherhand, ase(alA) - 1,
[M/al
n l M] - nl ･ ealA(M)+ eo(alA, M)
inKo(jf)for nl ≫ 0･ Henc e, s ettingi - e(a2,. " ,ae)請(eo(alA, M)), w ehav e
e(a,,. . I ,ae)請(【M/al
nlM]) - nl ･ e(a2,. . . ,ae)読(ealA(M))+i
- nl
･ eZ(M)+i
for nl-≫ 0. In c o n clu sio n w eget
△1△2 - △ef(nl, n2, ･ ･ ･ , ne) - ez(M)
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for ni, n2, - , n2 ≫ 0. T hu s w eha v e c o mpleted thepr o of,
Sofa r w eha v e v erifiedthat o u r multiplicities a ctualy e njoythe s a m epr opertie s a s
the o rdin a ry o n e s･ No witsho uld be r eqlliredto c o n siderthein且u enc e ofthe v alne e∫(〟)
o nI and M the m s elv es･ Asthefir st step ofthe studyin this aspe ct,thefollowingtw o
r e sults a r e c o n c ern ed with whe n eI(A)- [A/Z].
propo sitio n1.5.18 Leiムbe aCohe n- M aca ulay ring. The n eI(A) - [A/Z]ifa nd o nly
ifI isge ner ated by a regula rsequen c e.
Proof･ Sup pos e ez(A) - [A/Z]･ Let Q ∈ M inAA/I･ T he n eI(A)Q - [AQ/ZAQ]≠ 0
pin c eit is n ap ped bythele ngth fu n ction Ko(AQ/IAQ) 1 Z tole ngthAQAQ/ZAQ ≠ 0･
Be c a u s e ez(A) - ee(I,A), w egete≦htAQby 1.4.5. He n c eA≦ htAZ, a nds oe - htAZ
a se≧htAZ inge n e r al. Let J be a minim alr edllCtio n ofI. Notic ethat, a sA is Cohe n-
M a c a ulay, Jis ge n er ated by a r egula r s equ e n c e, fr o m which w eget eJ(A) - [A/J]by
l･4･6･ ?o n s equ e ntlythe equ ality[A/Z] - [A/J]follo w sfr o m eI(A) - eJ(A)I T he n,
fo r any a ∈ M inAA/J - MinA A/I, w eha v e【AQ/IAQ] - [Aq/J AQ], Whichi_mplies
lengthAQAQ/ZAQ - le ngthAQAQ/J AQ ands oZAQ - J AQ･ T he r efo r eI - J･ Tlms w e
s e ethat ∫is ge n er ated by a r eg11 a r s equ e n c e. T he c oI Ⅳer S eis adir e ct c o n s eqn e n c e of
1.4.6.
propositio n 1.5.1 9 LetA/Q be a regula rlo c al ring. As s u m eAssA - AsshA, whe reA
isike c o mpletion ofA･ Then eQ(A)- 【A/Q]ifa ndohlyifA is regula r.
Pro of･ Suppo s e eQ(A) - [A/Q]･ By the s a m e r e as o n asi the pr o ofofl･5･18, w e
have e(Q) - htAQ - : s･ Let J - (al, - , as)be a minim al r edu ctio n ofa. We
s e七 万 - A/J. Be cau s eA is qua si- u nlnixed by the as s umption, it is equidim e n sio n al
and cate n a ry, so dim 互 - d - a . No w cho o s ethe ele m e nts as+1, - , ad ∈ m s othat
(as+1, - , ad)諮is a minim alr edu ctio n of m 瓦 T he n, asム1, ･ ･ ･ , ad is a s op for A, by
l･5･8 andl15･1 3w e-s e e e血互(eJ(A))- e(as.1, … ,ad)請(eJ(A))- e(al,･ ･･ ,ad)A(A)･ On the other
h and, w ehave em 瓦(eJ(A))- em 言(eQ(A))- em 互(A/Q)- e m/Q(A/Q)I Thu sthe equal-
ity e(al,･ ･ ･ ,ad)A(A)- em/Q(A/Q)follo w s･ T hisimplie s e
I
(al,･ ･ ･ ,ad)A(A) - e
l
m/Q(A/Q), and
s o e
′
(a l,･ ･ ･ ,a｡)A(A) - 1 sinc e A/Q is r egular･ T he n e
′
m(A) - 1 sinc e0 < e
l
m(A)≦
e
'
(al,･ ･ ･ ,ad)A(A)I In c onclusion Ais regula rby[11,(40･6)]･ Co nvers ely,ifAis regular,then
Q m u stbe ge n er atedby a regula r s equ enc e sin c eA/Qis r egular･ He n c e eQ(A)- [A/Q]
by1.4.6 a nd thepr o of is c ompleted.
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IfI is equim ultiple, then eI(A)≠ 0 by l･4･1･ T he n ext propositio n pro,ide s with
e x a mple s ofn o n- equ l multipleide al who s e multiplicitie s a re n ot v anished.
Proposition l･5･2 0 LetA be a Go re n stein ring a ndQ ∈ Spe c° s u ch that A/Q is a
Cohe n- M a c a ulay n o r mal do m ain･ We a ss u m ethatFLA(Q)- htAQ+ 1a ndAQ is r egular
(su ch aprim eide alis s aidto be a n alm o st c o mplete inte rs ection (cf･ [5,(2.1)i)). Then
w eha v eikefollo wing a s s e rtio n s.
(1)eQ(A)- 【A/Qト【KA/Q], Whe re KA/Q denote sike ca n o nic alm odule ofA/Q･
(2)IfA/Qis n ot Go re n stein, the n eQ(A)≠0･ The conv e rs eistr u ewhe ndim A/Q - 2
a nd[A/m] - 0 in Ko(A/Q).
Pr o of (1) We put a - htAQ. Be c a u s ehtAQ ≦ A(Q)≦ FLA(Q), w eha v ee(Q) - a
o r a+ 1. rHow e v e r, sinc ee(Q) - simplie spA(a) - a(cf. [3, The o r e m]), the equality
e(Q)- s +1 m u sthold･ By[5,(2･5)]ther e e xist ele m ents al, - , as,b of As atisfyingthe
c o nditio n s
(i)Q - (al, ･ ･ ･ , as,b)A a ndQAQ - (al, ･ ･ ･ , as)AQ,
(ii)al, ･ ･ ･ , as is a nA-r egula r s equ e n c e and
(iii) K :Ab - K :A b
2
, whe r eK - (al, ･ ･ ･ , as)A･
T he nby l A.6 a ndthe c o nditio n(ii)abo v e w ehav eeK(A) - [A/K]･ More o v er(ii)a nd
(iii)implythatal, ･ ･ ･ , as,a is ad-s equ en c e, a nds obyl･5･13, setting諮 - A/K, w eget
eQ(A) - eb講(eK(A))
- eb互(i).
Let n > 0 a nd y : A E;bn互/b
n '1互 - K + bnA/K +b
n'1A. Ifx ∈ Kerp,ther e e xists
y ∈ K s u ch that b
n
x ≡ bn+1y m od K . T he n I- by ∈ K :A b
n
. The c o nditio n(ii)
implies K :A b
n
- K :A bfo r alln ≧ 1. He n c ex - by ∈ K :A Q a sK :A b - K :A Q,
s o x ∈ --a +(K :A Q). Co n v ers ely, Q +(K :A Q)⊆ Kerpis obvio u s･ T lms w eget
Kerp - Q+(K ‥A Q). T hisimpliesbn互/bn +1互 -
～ E, where E - A/Q+(K :A Q). As a
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c o n s eque n c e,for a ny n ≧0, w eget
xbi(n) - [Z/b
n +1司
n
- 【A/Q]+∑[bi万/bi'1司
i= 1
(
n
l
l
)[E]+([A/Q] - [E])
Therefo re ebi(A)- [E]. No w w elo ok at the ex a c七s equ e n c e
O ) Q+(K :A Q)/Q ) A/Q + E ) 0 .
In orde rtopr o v eQ+(K :A a)/Q 竺 KA/Q, W efirstnotic ethe equality(K :A Q)nQ - K ,
whichis v erified asfolo ws: Be c a u s e obvio usly(K :A Q)nQ⊇ K,it is en oughto sho w
(Kp :Ap QAp)nQAp - KAp for allP ∈ As sAA/K ･ Bllt thisistrivial ifQ望P ･ Ev enif
Q⊆ P, w eha v eQ - P a BhtA P - a, ands othe requir edequalityholdsbythe c o nditio n
(i). No w w eget
Q+(K :A Q)/Q 聖 K :A Q/(K :A Q)nQ
- K :A Q/K
- Ho m A/K(A/a,A/K)･
Be c a u s eA/K is Go r e n stein,by[9,5･9 a nd5･1 4】KA/Q 望 Ho mA/K(A/Q,A/K)･ T lmsthe
e x a cts eqlle n C e
O - + KA/a ) A/Q ) E + 0
isindu c ed. He n c e[E] - [A/Qト[KA/Q], a nds o w eget the as s e rtio n(1).
(2) Let u s c o n siderthe gr o up ho m o m orphis m Ko(A/Q) 1 Z O Cl(A/Q)stated
in Se ctio nl･ This ho m o m o rphis m m aps eQ(A)to(0, - cl(KA/a))･ Notic ethat A/Qis
Gorensteinifand o nlyifcl(KA/Q) - 0in Cl(A/Q). T he r eforeifA/Qis not Go r e n stein ,
then eQ(A)≠ 0. In the c a se where dim A/Q - 2 and[A/m] - 0 in Ko(A/Q), the
ho m o m orphis m aboveisis om orphic, whichimplie sA/ais n ot Go r e n stein ifeQ(A)≠0･
Thu s w eha v e c ompletedthepr o of.
塊ep車eidealintheform alpowe r s e rie s ring F[[X,Y,Z,U,V, W]]o v e r a丘eldF gen er-
ated bythe m a xinalmin o rs ofthe m atrix
(言yv 孟)
is atypic alexa mple ofQin 1･5.20
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Chapte r2
On the lntegr al Clo s ure s of Certain
lde als Ge n e r ated by Regula r
Sequ en c e s
2.1 Intr odu ctio n
LetA - k[[X,Y,Z]]bethefo r m alpo w e r s eri s ring o v e r afield k. Letpbe aprim eide al
in A ge n er atedbythe m axim al min ors ofthe m atrix
(雷p
a y
z
p:Z
7
a
'
,)
wher e α,β,7,α
′
,βl and 7
′
a r e allpo sitiv einteger s. Fo r ex a mple,the definingidealofa
spa c e m o n o mialc u r v e: X - i
nl
,
Y - tn2 and Z - 舌n 3 withgcd‡nl, n2, n3‡ - 1 c a nbe
e xpr e ss edin that w ay(cf. [2】). We put a - Z7+7
'
- X α
′
Yβ
′
,
b - X α +α
'
- Yβz7
′
and
c - yβ+β
'
- x α z7 . T hen p - (a,a, c)A. Let J- (a,a)A. T he pu rpo s e ofthis paperisto
provetbe 払1lo wlng:
T he o r em 2.1.1 Theintegral clo s ur'e二戸 is equ alto
Jn ｣ ･(a,b,‡xizjcIi,3
'
≧0 a ndi/α
′
+jh
l
≧1))A
for alln ≧1 a ndthe Be es algebra a(ラ)is aCohe n- M ac a ulayring.
Thro ugholtthispaper, w ede n oteby9t the integralclo sure ofan ideal乳in a rlng R. For
a m odule M o v er R, eR(M)isthele ngthof M. The mul tiplicity of M with re spe ct to
乱is d占n otedby e乳(M). We s et AsshR M - (P ∈ AssR Midim R/P - dim R M), where
As s月 〟 isthe s et ofa s s o ciated prim es of〟 .
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2.2 JnAp fo rP in AssAA/J
Webegin with thefollo wing
Le m m a2.2.1(X
α
′
, Z7
1
)c ≡J
pro of. Be c a u s eXα a + Yβ
'
b+ Z7
1
c - o and Yβa + Z7b+ X
α
'
c - 0, s o Z7
′
c ∈ J a nd
x α
′
c ∈ J･-Thu s w eget the a s s ertio n･
Le m m a2･2･2 AssA A/J 〒 AsshA A/J - ‡p,ql, whe req - (X,Z)A.
Pro of･ Be c a u s e a,bis a r egula r s equ e n c ein A, s oAs sA A/J - AsshA A/J･ Obvio u sly,
(p,q)⊆ AsshA A/J･ No w w etake any P ∈ AsshAA/J･ If X ∈ P, the n Z ∈ P a 告
a - z7+7
′
- X α
'
Yβ
'
∈ J⊆ P, ands oP - q. If X卓.P,then c ∈ J a sX α
l
c ∈ J ⊆ P by
2.2.1, and c ons equ e ntly w eget P - p.
Le m lr a 2.2.3 Fo r alln ≧1, w eha v e
JnAp - J
nAp
a nd
万有 - Jn - 1 ･((xiz3
'
Ii,i≧0 andi/α
'
+3
'
h
I
≧1‡)Aq.
Proof･ Be c a u s eX 卓p, w eha v e c∈ J Ap by 2･2･1･ He nc eJAp - pヵp, whichimplie s
the 丘rst equality. On the othe rhand, a s c声q, w eha v e(X
α
'
,
Z7
′
)Aq ⊆ JA｡ by 2.2.1.
T he c o nvers ein clu sio n
､
is obvio u s, s othat w e s e eJ Aq - (X
α
′
,
Z7
1
)Aq･ Therefo r e, asis
w ellkno wn, 了布 - ((xiz3
1
Ii,i >_ 0 andi/α
'
+3
'
h
′
≧ 1))Aq. Be c a u s eAq is atw o
dim e n sionalr egularlo c alring, w eget thelast as s e rtio n(cf･ [6, Appendix 5]or[3,3.7]),
2.3 Pr o ofof T he o r e m2.1.1
Le m m a2.3.1 Leii,ibe non - ne9aiive integers Withi/αl+jh′ ≧1. The nXiz3
'
c ∈了.
proof. As(Xiz3
'
c)α
′
7
'
⊆(X α
l
,
z7
′
)il
l
+3
'
a
'
･ c
α
′
7
'
andasil
l
+jα
′
≧ α
′
7
'
, W e get(Xizjc)α
′
7
′
∈
Ja
1
7
1
by 2･2･1･ He n c eX
iz3
'
c ∈ J･
Let I- (a,a,(X
iz3
'
cIi,i ≧0 a nd i/α
′ +3
'
h' ≧1‡)A･ Notice J ⊆I⊆了.
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Le m ma 2.3.2 A/I is a Cohe n- Ma c a ulay ring.
Pro of･ It is e n o ughto sho w ey A(A/I) - eA(A/YA +I)･ Be cau s eJ ⊆ I⊆ 了, we have
AsshA A/I - (p,q)by??･ T he n, bythe additiv efor m ula of m ultiplicity(cf･ [5,(23.5)]),
ey A(A/I)- eA,(Ap/ZAp)･ ey A(A/p)+eAq(Aq/IAq)･ ey A(A/q)I
Obviously, eA,(Ap/ZAP) - ey A(A/q) - l and ey A(A/p) - eA(A/YA +p)I Let B -
k[[X ,Z]]and K - ((Xiz3
'
Ii,3
'
>
_
0 andi/α' +3
'
h' ≧ 1‡)B . It is e a syto s e ethat
ZAq - KAq a nd KAqisqA｡
-prim a ry, whichimplieseAq(Aq/ZAq) - eB(B/K)･ Therefore
ey A(A/I)- eA(A/YA +p)+eB(B/K)I
In o rde rto c o mputeeA(A/Y A+I), w e c o n siderthe ex a ct s equ e n c e
O l yA +p/yA +J う A/yA +J I A/yA +p ヰ 0･
Be c a u s e
y A+p ～
ニ =
=
(z7+7
1
, x
α +α
'
,
xα z7)B
YA+ I (Z7+7
1
,
x a +α′)B +X αZ7K
′ヽノ
XαZ7B
(Z7+7
′
,
X a +α
′
)B n X αZ7B + X αZ7K
a nd
(zl+7
[
,
X
α+α
′
)B nX
α
Z7B - (X
α
Z7+7
′
,
X α+α
′
z7)B
⊂ Xα Z7K
,
w eget YA +p/YA+ I 望 X
αZ
'
YB/X
αZ7K 空 B/K . T herefore
eA(A/YA +I)- eA(A/YA +p)+eB(B/K).
Thu s w eget the r equir edequality.
Le m ma 2.3.3 A/J
nZ is Cohe n- M aca ulayfo r alln ≧0.
Pr o of. Be c a u s eJn/J
n +1is A/J-fr e e, s oJ
n
/J
nZ 望 Jn/J
n +1 ⑳A A/Iis A/I-fre e･ Henc e,
c onsideringthe e x a cts eque n c e0 ) J
n
/J
nZ ) A/J
nZ ) A/J
n
) 0, w e get the a ss ertion
by 2.3.2.
proofofTheo re m2.1.1. Let n ≧1. By2.2.2 and2.3.3 w eha v eAssA A/J
n - II - (p,q)I
onthe otherh and,by2.2.3,bothofp andqdo n ots up po r七 万/Jn
- 1z. He n c eア ニ Jn ~ 1I
sinc e AssA:声/Jn
- Iz ⊆ As sAA/Jn
~ 1I. Obvio u sly J
n ~ 1z ⊆ zn ⊆ プ蒜, s oIn - J
n - Iz･ In
particular, Z
2
- J Z. As A/I is Coheh- M a c aulayby 2.3.2, w e s e ethat the Re es algebra
R(I)is Cohen - M a c aulayby[1,(26.12)], and thepro ofofT he ore m2.1.1 is c o mpleted.
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C hapte r3
On Filtratio n sHa v l ng S m all
●
A nalytic De viatio n
3.1 Intr oductio n
ThepllrpO S e Ofthispape ristode v elop agen er althe ory on 丘比r ation sin No etberianlo c al
＼
rings, whiche n ables u stolo okats eve ralkinds offi1tratio ns fro m the sam epoint ofvie w.
Let A be ad-dim e n sio nalNoetherian lo cal ring withthe m axim al ideal m and let
F - (Fn)n ∈zbe afa milyofide alsin AsllChthat(i)En ⊇ Fn +1fo r a ny n ∈ 玄,(ii)Fo - A
a nd Fl ≠A, a nd(iii)Em Fn ⊆ Em +n fo r any m ,n ∈ Z. Inthispaper w e simply c alls llCh
7 a filtr ation. W he n afi1tr atio n7 is giv e n, w e c a n c o n siderthefollo wing algebr a s:
R(7)- ∑FnTn ⊆ A[T] (T is a nin deter min ate),
n≧O
R
l
(7)- ∑FnTn ⊆ A[T,T
- l
], a nd
n ∈琴
G(7)- a
/
(∫)/r
lR'(f)- 0Fn/Fn'1 I
n≧O
T ho s e algebr a s a r espe ctiv elyc alledtheRe esalgebr a,the e xte nded Re e s algebr a, andthe
form ring a s s o ciatedto F . W e alw ays as s u m ethat R(F)is No etheria n a nd dim R(F) -
a + 1. Ty pical e x a mple s of filtr atio n are c o n stru cted fro m anide al I. Fo r e x a mple,
s etting Fn - Z
n
, we get theI- adicfi1tr atio n. Symbolic&1tratio n ofI isdefin edbys etting
Fn - I(
n)
,
wher eI(n) - ∩咋 M in｡ A/IJ
nAp nA･ It is als oimpo rt ant to s et Fn - 声, whe r e
声 denotestheintegralclo s ure ofZ
n
.
In o rdertotr e a七tbes e丘1tr atio n s, w e willlS ethe e xte ndedn otio n ofa n alytic spr e ad,
which w a s o riginalyimirodu c ed forideals by Northc ottand Rees in[12]. Wede n oteby
e(7)the Kr ull dim ensio n of the ring A/m ⑳A G(7)and call it the a nalytic spre adof 7
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(cf. 【13])･ Ifア isthe I- adic fi1tration, the ne(7)isjust the analytic spre ad of Iin the
s e n s e ofNo rtbc otta nd Ree s. It is e a syto s e ethat, simila rly asthe c a s eof ideals, the
inequ alitye(f)≧htA Fl alw ays hold(her eitshoul d be noticed that htA Fl - htA Fn for
a ny n ≧ 1). So,follo wing HllCkaba a nd Hu n eke[8】, w e s et ad(7) - e(7) - htA Fl and
callit the an alytic de viatio n of 7. For e x a mple,if Iisthe symbolic丘1tratio n of anideal
I with htAZ - s < d, then ad(7)< d - s. On the otherha nd,ifZn ⊆ Fn ⊆ 声 for
any n,then ad(7)coin cide s with七he analyticde viatio n ofI inthe s e n s e of HllCkaba a nd
Huneke.
The m ain r e sultofthis paperis a char a cte riz atidn ofthe Cohe n- M a c a ulay pr ope rtyof
thefo r m r ing associatedto afi1tr atio nhavings m alla n alyticde viatio n･ If fis a&1tr atio n
with e(F)- e, w e c a n cho o s e ele m ents al, - , ae in As othat al ∈ Fkl ,･ ･ ･ , ae ∈ Fke for
s o m epo sitiv eintegerskl, ･ ･ ･ ,ke andEn - ∑i= 1 aiEn _ kifo r ahyn ≫ 0. We willsho wthat,
inthe c as eyhQr e ad(3
:) - O, G(F)is Cohe n- M a c aulayifa nd onlyif A/(al, - , a2)+ Fn
is Gohe n- Ma c aulayI?r finite n umbe r ofn a nd G(STD)is Cohe n
- M a c a ulay fo r a ny p ∈
4s申A A/Fl, Whe r e?pisthefi1tratio n(FnAp‡n∈z of Ap a nd AsshA A/Fl - (P ∈Spe cAI
Fl ⊆p a nd dim A/p - dim A/Fl)･ This cha r a cterizatio n w a salreadypr o v ed by Gotoin
th?c甲e Wher e3
:isthe sy mbolic fi1tration of aprim eide alpsu chthatdim A/早 - 1(cf･
[3】)･ We will als odis c u s sthe c as e whe r e ad(∫) - ll Altho ughthe statem emiiβ r ather
c omplic ated, a c o nditio nfo rG(7)to be Cohe n- M a c a ulay willbe giv e n similarly a sthe
c a s e wher e ad(I)- 0･
T hro ugho ut this paper Ais aa-dim en sion alNoethe ria nlo c alring withthe m axim al
ide al m a nd F - ‡Fn‡n∈z is afi1tration of As u ch 七hat 氏(7)is aa + 1- dim e n sional
No ethe ria n ring. In the c a s e whe r eF isthe I- adicfi1tration, w e w rite 氏(I), R
'
(I), and
G(I)inste adof a(7), R
′
(I), a nd G(7)･ Similarly w eu s ethe notatio nRs(I), R
'
s(I), and
G
s(I)when F is the symbolic fi1tr a ion ofI･ For a gr aded ring S - On≧oSn a nd an
in teger m, w esetS≧m - ⑳n ≧m Sn , whichis an ide al of S･ In pa rticula r, S+ - S≧1･ T he
i-thlo calc oho m ologym od ule ofa nS- m oduleL withr espe ct to anideal %ofSisde n oted
by由i
-
(L). When(S., n)islo c al andi - On ｡zLn is agr aded S- m odule, w e s et
a(L) - m ax(nI[H
i
m(L)】n ≠0‡,
wherei - dim sL and∑択 - tis+ S+(cf.[6】)I
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3.2 Pr elimin a rie s
Inthis s e ctio n we s um m a riz eba sic n otio n a nd fa cts w ene ed thro ughout thispaper. Let
I - (Fn)n ∈z be afiltration of A･
D efinitio n 3･2･1 We s ete(F) - dim G(7)/m G(7)andc al it ike an alytic spread off .
Definitio n3.2.2 We s aythaia syste m al, - , a, Ofele m e nts ofA is areductio n off ,
ifal ∈ Fkl, - , a, ∈ Fk, fo r som epo sitiv eintege rskl, - ,kr and Fn - ∑;= 1 aiEn - kifor
a ny n }>0.
Ifal, - , ar is a r edu ctio n off statedin 3.2.2,then w eha v e(∫)≦ r. Onthe other
ha nd, w e c an alw ays find a r edu ctio n of Fc o n siting of A(f)elem e nts. He n c e w eha v e
thefolo w i ng.
Le m m a3.2.3 htA Fl≦e(f)≦ a.
D efinition 3.2.4 Wede notebyad(f)thediner,e n c e(f卜htA Fl a ndc alit ike a n alytic
deviatio n off . In pa rtic ula r, 7 is s aid tobe equim uliiple, ifad(7)- 0.
Ex a mple 3.2.5 Lei Ibe a nide al ofA with htAf - s < d. LeiEn - I(n)fo r a ny n .
Then ad(7)< d - a . In pa rtic ula r, 3=is equim uliiple, ifs - d - 1.
Pr o of. Sin c edepth A/Fn > 0fo r any n', we c an cho os e x∈ m s othat it is a n o n- zer o-
divis or o nG(I). The n
e(7)- dim G(7)/mG(F)≦dim G(F)/xG(f)- d - 1 .
Henc e w eget the requir edinequ ality.
Ex am ple 3.2.6 Let Ibe a nide alwith a reduction J - (al, - , ar)A･ Let7 - ‡En)n ∈z
be ajiltr atior H uChthat In ⊆ Fn ⊆ 声 fo r a ny n . The n al, - , ar is a redu ctio n of3=. In
pa rtic ula r, ifI is equim uliiple, s ois F .
Pr o of. As Jis a r edu ctio n of I, the exte n sion a(J)⊆ a(I)is m odule-finite･ On
the other hand, a sZ
n ⊆ Fn ⊆ 声 for any n, w e s e ethat R(I)⊆ a(7)is anin七egr al
e xte n sio n, a nd s oit is m odule-finite. He n c ea(7)isfinitelygener ateda s a m odule o v er
R(J)- A[alT, ･ ･ ･ , arT]. T hisimpliesthatal, ･ ･ ･ , a, is aredu ctio n off.
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Let Mbe afinitely gene r ated A- m od ule a nd JM - (Mn)n ∈z afa mily of A-s ubm od ules
of M su chthat(i) Mn ⊇ Mn +1 for any n, (ii) M - Mn for a ny n ≪ 0, a nd(iii)
Em Mn ⊆ M m +n fo r a ny m ,n . S11Ch ル iーs c alled a n7 -filtr atio n･ Let
R'(〟)- ∑ MnTn ⊆ M[T,T
- 1
】a nd
n∈芝
G(〟)- R
/
(〟)/r
lR'(Ju) - 0 Mn/Mn' 1
n∈盈
Ne edle ssto s ay, R
'
(ルt)(resp･ G(M))is a m od ule o v e rR
'
(7)(resp･ G(F))･ We as s u m e
that R'(ルt)isfinitely ge n e r atedo v erR
/
(F)･ T he n ext a ss ertio nis age n eralizatio n ofthe
the o r e m ofVallabr ega- Valla[1 5, T he ore m2.3].
Pr opositio n 3･2･7 Sup po s eihatkl,
-
,kr a re n o n- n e9aiiv eintege rs a ndal ∈ Fkl,
･ ･ ･
, ar ∈
/
Fkr ･ Lei u s c o nsiderthefollowingtw oc ondiiions･
(1)alT
kl
,
･ ･ ･
,
arT
kr is aG(ルt)- r egular s equ e n c e.
(2)al, ･ ･ ･ , ar is a nM - regula r?equ e n c e a nd
r
(al, ･ ･ ･ , ar)M nMn - ∑ aiMn - ki
i= 1
fo r a ny n ∈ Z .
The n we alw aysha v e(1)辛 (2). The co n verse holdsifkl, ･L- ,k, a re allpo siiive･ Whe n
the conditio n(1)is s aiisBed, the reis a n atu r al iso m o rphis m
G(〟)/(alT
た1
,
-
,
a,T
たr)G(.M)二㌧ G(刀),
whe r e苅 isike f -jiliraiio n
((al, - , ar)M + Mn/(al, - , ar)M‡ne2:
?fM/(al,
･ ･ ･
,
ar)M ･
This a s s ertio nis w ell kn ow n andthepro of is alm o sts a m e a sthatbf[1 5, The o r e m2･3]･
F inally we state abo lltlo c alization offi1tratio n･ Fo r aprim eide alp, we s et ルtp -
i(Mn)p)n ｡z. Notic ethat Fpis afi1tr a七ion ofAp and ルtp is an STD-filtratio n of Mp･ We
alw aysha v e(7p)≦e(f). Be c a u s eAp⑳A G(7)望 G(Pp), o n c eG(7)isCohen - Ma c a ulay,
then s ois G(Fp)･
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3.3 Ⅸeyle m m a
Let f - (Fn)n ∈z be afi1tr atio n ofA･ Let M ba a 丘nitely gen erated A - m od ule with
depthA M - 舌 and ルー - (Mnln ∈z an 7- filtratio n of M･ We fiⅩ imieger s r and es u ch
that 0< r < e < 舌 a ndtake ele m e nts al ∈ Fk1,
･ ･ ･
,
ar ∈ Fkr for s om e positiv e inte_
ger skl, ･ ･ ･ ,kr s othat al, ･ ･ ･ ,ar for m an M -r egula r s equ en c e･ Let P - (p E Spe cAI
Fl ⊆p a nd htAp≦d - i+A)I In this s e ctio n, w e aim to pr o v ethefollow ing.
Lem m a3.3.1 As s u m ethatalT
kl
,
-
,a,T
kr is aG(ルイp)- r egula r s equ e n cefo r a nyp ∈7)
a nd depthA M/(al, - ,a,)M + Mn ≧i - efor a ny n ≦ N, whe re N is a舟edinteger.
The n w eha v ethefolo wing as s e rtio n.
(1)depthA M/ ∑;= 1 aiMn - ki ≧i - efor a ny n ≦ N +1･
(2) (al, ･ ･ ･ , ar)M nMn - ∑;= 1 aiMn - kifo r a ny n ≦ N + 1･
(3)depthA M/Mn ≧i - efo r a ny n ≦ N .
LetJ
q
- (al, ･ ･ ･ , aq)Afo r0≦q≦ r(Jo - 0)･ In o rde rto pr o v e313･1,let u s c o n sider
thefollo w i ng c o nditio n sfo r a nyimieger m.
(Am)depthA M/ ∑?= 1 aiM n - ki ≧t - eifO≦q≦r a ndn ≦ m ･
(Bm)JqM n Mn - ∑i= 1 aiM n _ ki if O≦q≦ r a ndn ≦ m ･
(Cm)depthA M/JqM + Mn ≧i - eif O≦q≦r and n ≦ m .
Le m m a3.3.2 Let m be a nintege r. As s u me thai the cムndition s(B m) and(Cm) are
satisBed. The nike c o ndition(Am +1)is s aiisjied.
Pr o of. Wetake anyintege r n≦ m + 1 a nd fiⅩit･ Let Nq - ∑i= 1 aiMn - ki fo r0≦ q≦ r
(No - 0)I We pr o v ethat depthA M/Nq ≧ i - e byindu ctio n o nq･ It is obvio llSfor
q - 0･ Let llS as s u me that q > 0 and depthA M/Nq - 1 ≧ i - e･ It is en o-1ghto sho w
that depthA Nq/Nq - 1 ≧i - e+ 1, sinc ethere exists a n ex act s equ e n c eO ヰ Nq/Nq - 1 1
M/Nq - 1 + M/Nq ) 0･ Fo rthat, w e c onsiderthefollowingis om orphism s:
Nq/Nq - 1 望 aqMn - kq/aq([Nq - 1 :M aq]n Mn - kq)
望 Mn - たq/[Nq - 1 :M aq]n Mn ヤ
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As a
q
is a n o n- ze r o-divis o r on M/Jq - 1 M , w ehave[Nq - 1 :M aq]⊆､Jq - 1 M ･ M or e over, a s
n - k
q ≦ m , bythe c onditio n(B m)w ege七Jq - 1M n Mn - kq - ∑?=7aiMn - kq - ki , Who s e
right-ha ndsideis c o nt ain edin[Nq - 1 :M aq]･ He n c e[Nq-1 :M aq]nMn - kq - Jq - 1 M nMn - kq,
a nds o
Nq/Nq- 1 望 Jq - 1M + Mn - kq/Jq - 1 M ･
Asthe c o ndition(Cm)implie sthatdepthA M/Jq - 1M +Mn - kq ≧i - Aa nda sdepthA M/Jq - 1M ≧
壬 - q+1≧舌 - A+ 1, w egetdepthA Jq - 1 M + Mn - kq/Jq - 1M ≧i - A+1, andthepr o ofis
c o mpleted.
Le m m a 3･3･3 Lei m be a ninte9e r･ As s u me thatalT
kl
,
-
, arT
kr is aG(〟p)- regular
sequ e n c efor a nyp ∈7) a ndthe c o nditio n(Am)is satisjied･ The nthe c o nditio n(Bm)is
s atisfied.
prv of･ Let n ≦ m and 0≦ q ≦ r･ Wetake a nyp ∈ AssA M/ ∑f- 1 aiMn - k
.
i
･ T he n
htAp≦d - 舌+e, sin c edepthA M/ ∑?= 1 aiMn - ki ≧i - e bythe c o nditio n(Am)･ IfFl ⊆p,
w eh:qv eや∈7', ands obythe a s s u mptio n and 3･2･7, JqMp n(Mn)p - ∑i= 1ai(Mn - ki)p･
W he nFl 望p, w eget the s a m e equ ality a s(Mn)p - (Mn - ki)p - Mp･ Therefo r eJq M n
Mn - ∑i= 1 aiM n - たi ･
Le m m a3･3･4 Letm be a ninteger. As s um edepthA M/i, M + Mn ≧i - efo ra ny n ≦ m .
Suppo s ethatthe c o nditions(Bm) and(Cm _ 1)a resatisPed. T he nike c oねdiion(Cm)is
s aiisSed.
Pro of･ Wetake any n ≦ m and fiⅩ it･ Wepr ove depthA M/Jq M + Mn ≧i - e fo r a ny
0≦q≦ r bydes c e ndingindu ctio n o nq. Be c a u s ethisin equal ityisju st the a ss u mption
when q - r,let u s as s u m eq < r and depthA M/Jq+1M + Mn ≧i - e･ It is eno 11gh七o
show thatdeptbAJq+1M + Mn/JqM + Mn ≧i - e･ Be c a u s eJq+1 M + Mn/JqM + Mn 望
Jq.1M/JqM +(Jq+1M n Mn)andthe c o nditio n(B m)implie sJq+1 M n Mn - ∑?=+l
l
ai Mn _ ki,
w e ha v e
Jq+1 M + Mn/JqM + Mn 空 Jq+1 M/Jq M + aq+1Mn - kq.1
空 aq+1M/(aq+1 M n JqM)+ aq+1Mn - kq.1
- aq+1M/aq+1JqM + aq+ 1Mn - kq.1
望 M/JqM +Mn - kq.1 ･
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Thu s w eget the r equir edinequality sin ce depthA M/JqM + Mn - kq十1 ≧ i - A by the
c o ndition (Cm _ 1)I
pr o ofof3･3･1･ Let m be s ufRcientlys m all･ T he n all ofthe c o nditions(A m),(B m), and
(Cm)are obvio uslysatisfied･ He n c e, ap plying3･3･2, 3･3･3, a nd 3･3･4 s u c cessively, we see
that the c o ndition s(AN+1),(BN +1), a nd(CN)are s atisfied･ No w w egetthe a ss e rtions
(1),(2), and(3)of 3･3･1 a sspe cialc a s e s･
3.4 Equim ultiple 別tratio n
Let 7 be a fi1tr ation of A. T hefollowing七he o r e mis a cha r a cteriz ation ofthe Cohen -
M a c aulay property ofthefor m ring as sociatedto a n equim ultiplefi1tr ation of a Cohen -
M a c aulay ring. Itw a salr e ady pr o v ed by Goto[3, T he o r e m(1･2)]in the c a s e whe r e7 is
the symbolic丘1tr atio n ofa pr中eide aユp with dim A/p - 1･
T he o r e m3.4.1 Lei A be a Cohe n- Ma c a ulay ring a nd htA Fl - S . Let al, ･ ･ ･ , as be
elem e ntsin A s u chthaial ∈ Fkl , - , aS ∈ PTks fo r s o m epo sitiv einie9e rSkl, - ,ks a nd
Fn - ∑%f= 1 aiFn - ki lo r n≫ 0･ SetN - ∑8f= 1ki + m a x(a(G(Fp))Ip ∈ AsshA A/Fl)･
The nthefollowing c o nditio ns a r eequiv ale nt.
(1)G(f)is aCohe n- M a c a ulay ring.
(2)G(Fp)is Cohe n- Ma caulayfo ra nyp ∈ AsshA A/Fl and A/(al, ･ ･ ･ , as)+Fn is Cohe n-
Ma c a ulayfo r a ny1≦ n ≦ N .
W he nthisisthe c a s e, A/En is aCohe n- M a c a ulay rin9fo r a ny n _> 1, Fn - =;= 1aiFn - ki
fo r a ny n > N , a nd
a(G(3:))- m ax(a(G(7p))ip ∈ AsshAA/Fl)I
Pr o of. We pr ove in the c as ewhere s > 0. Si milarly o n e c a npr o v ethe the ore m in
the c a s e where s - 0
,
o mitting m o st ofthe a rgu m ent. We put K - (al, ･ ･ ･ , as)A and
-
F - ‡K + En/K)n∈z, which is afi1tr ation of A/K .
(1) ⇒ (2) Asis noticed at the e nd ofs ection 2, G(Fp)is aCohen - M a c aulay ring
fo r any p ∈ Spe c°. Let xs+1, - ,Xd be ele m emis in 帆 whichfor m a n s opfo rA/Fl.
Notic ethatalT
kl
,
･ ･ ･
,asT
ks
, xs+1,
-
, Xdis an s opfo rG(f), ands oit is aG(I)-r egula r
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s equ e n c e. The nby3.2.7
(*) G(7)/(alT
kl
,
-
, asT
ks)G(7)空 G(戸)- OK + En/K + Fn.1
n≧0
and xs+1, ･ - , Xd is a r egula rs equ enc e o nK + Fn/K + Fn +1,
fo r any n ≧ 0･ He nc e
depthA K + Fn/K + En +1 - d - sfo r any n ≧0･ T hisimpliesthat
,
A/K + Fn is aCohe n-
Ma c aulay ringfo r any n ≧ 1･ On the othe rha nd, a s xs+1, - , Xdis a G(I)-r egular
s equ e n c e, w eget als othatA/Fn is Cohe n- M a c a ulayfo r any n _> 1.
(2) 辛 (1) We apply3･3･1, s etting M - A, ルー - I, andr - 2 - a, Notic ethat in
thepr e s emic a s e,7) - AsshA A/Fl, a nd s obythe a ss u mptio nalTkl, ･ I ･ ,asTks is aG(Fp)-
r egular s equ e n c efo r anyp ∈7)･ M o r e over, w e are a ss u mingtha七depthA A/K +Fn ≧ d - s
fo r a ny n ≦ N ･ Tlms w egetdepth A/ ∑8f= 1 aiFN+ ト ki -.d
- a . Sup po s ethat FN +1 ≠
∑%?= 1aiFN +1 - ki ･ T he nther e e*ts a n a s s o ciatedprim eide alq ofFN+1/ ∑%?= 1 aiFN + 1_ ki .
Sin c eq∈ As sAA/ ∑%?= 1 aiFN +1 _ ki, W eha v eq ∈ AsshA A/Fl, ands o alTkl, - ･ ,asTk8 is a
G(3Tq)- r egula r s equ e n c e･ T he n
β
a(G(Eq)/(alT
kl
,
･ ･ ･
■
,asT
ks)G(fq))- a(G(3Tq))+ ∑ki≦ N
i= 1
a ndthele氏-ba ndside ofthe equ ality abo v e c oin cide s with
β
m ax(n[FnAq≠∑ aiFn - kiA｡ + Fn.1Aq)･
i= 1
He n c eFN+1Aq - ∑8f= 1 aiFN +1 - kiAq･ Howeve rthis c o ntr adicts that qis an a s s o ciated
prim eide al of FN +1/∑8?= 1 aiFN + ト ki ･ T hu s we s e ethat FN +1 - ∑8?= 1 aiFN+1 _ ki ⊆ K .
T her efore K + En - K for any n > N, a nd s odepthA A/K + En ≧ d - a fo r any n .
T he n, applying3･3･1 again, w eget K n Fn - ∑%f= 1 aiEn - ki fo r any n . T hisimplie sthat
alT
kl
,
･ ･ ･
, asT
ks is aG(7)- regula r s equ en c e, a nd s o again w eget theis o m orphis m(*).
Notic ethat G(ア)is aCohe n- M a c a ulay ring sin c edepthA K + En/K + Fn +1 - d - βfor
a ny n ≧0･ T lms w e s e-ethatG(f)is aCohe n- M a c aulay ring.
Now v_eprovethela st a s_e
rtio n ofthethe ore m. Ifn > N,then
En - K nEn
β
- ∑aiEnJki .
i = 1
Notic e a(G(戸))- m a x(n [K + Fn ≠ K + Fn+1‡. As En ⊆ K fo r any n > N , it
follo w sthat a(G(ア))≦ N ･ He n c e w eg七 a(G(f))≦ m ax(a(G(7p))Ip ∈ AsshA A/Fl)
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a s a(G(亨))- a(G(7))+ ∑8?- 1ki･ T he c on v erse inequality is･obviou s andthe pro ofis
c o mpleted.
3.5 T he c a s e whe re ad(I) - 1
Let f - (Fn)n ∈z be afi1tr atio n of Awith htA Fl - S < d･ T hro ughoutthis section
w e alw ays a ss u m ethat al, ･ ･ ･ , as, as+ 1a r e el m e ntsin A s u ch that al ∈ Fkl , - ･ ,a S ∈
Fks, as.1 ∈ Fks.1fo r s o m epo sitiv einteger skl,
･ ･ ･
,
ks ,ks.1 a nd Fn - ∑%f=
'
1
1
aiFn _ kifor n ≫
0･ M ore o v e r, w e as s u m ethat al, ･ - , as is a nA-r egula r s equ e n c e a ndifq ∈ AsshA A/Fl,
the nEnAq - ∑8f= 1aiFn - kiAq fo r n≫ 0. Itsho uld be n otic edthat w e c an alw ays find
s u ch al, ･ ･ ･ , as, as+1 ir e(F)≦ s + 1. We put
P - ‡p ∈Spe cAl.Fl ⊆p andhtAp≦ s + 1),
β
･ - ∑ki+ m a x(a(G(3Tq))Iq∈ AsshA A/Fl)+ 1,
i= 1
β+1
β - ∑ki+ m a x‡a(G(7p))Ip ∈7'), a nd
i= 1
∬ - (α1, - , αβ)A .
We willoften de n ote as+1(resp. ks+1)by.b(resp. k).
Le m m a3･5･1 LetG(3Tp)be Cohen - M a c aulayfor a nyp∈7)･ The nα ≦β - k+ 1･
Pro of. Fo r any q∈ AsshA A/Fl,the r e existsp ∈7) suchthatq⊆p. The n a(G(3Tq))≦
a(G(Ep)). Co n s eque ntly w ege七 α - ∑8f= 1ki - 1≦β - ∑8f=
'
1
1
ki, a ndso α≦β - k+1･
Le m m a3･5.2 As su m ethaまthere exists q ∈ AsshA A/FI Such that G(Fq)is Cohe n-
Mac a ulay･ The n α> 0 a ndFnAq - ∑;= 1 aiEn - kiAqfor a ny n ≧ α ･
Pr o of. Let S - G(Fq)/(alTkl, - ･ , as Tks)G(7q). Sinc e alTkl, ･ ･ ･ ,asTks is aG(3Iq)-
r egular s equ e n c e, w e get a(S) - a(G(3Tq))+∑8f= 1ki < α ･ On the otherhand, a(S) -
m ax(nIFnAq≠∑;= 1 aiFn - kiAq‡>_ 0･ He n c e w egt the a s s e rtio n･
Le m m a 3･5･3 Ass um ethatG(7q)is Cohe n- M a c a ulayfor a nyq ∈ AsshA A/Fl ･ Then
the re e xists 37 ∈ nn≧α【(∑8f= 1 aiFn - ki)‥ Fn]s u chthatal,
-
, as, X + b is a n s sopfor A･
Mo reove r, ifw eiake xs+ 2, - ･ , Xd ∈ m so iha舌al, ･ ･ ･ , as, X +a, xs+2, ･ ･ ･ , Xd is a n s opfor
A
,
the n alT
kl
,
-
,
asT
k8
,
x - bTk
,
xs+ 2,
･ ･ ･
, Xd is a n s opfo rG(∫).
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Proof. SetIn - ∑;= 1aiFn - ki and J - TTtn(nn≧α[In : Fn])･ Suppo s ethat ther e exists
q ∈ AsshA A/K su ch thatJ+bA ⊆q･ T hen,for n ≫ 0, w ehave Fi
n ⊆ Fn - Zn +bFn _ k ⊆
q. Thisimplie sq ∈ AsshA A/Fl, and s oby 3･5.2 FnAq - ZnAq for any n ≧ α . Henc e
JAq - nn≧α[ZnAq ‥ EnAq] - Aq･ Ho w eve rit is impos sible a sJ ⊆ q･ Co n s equ e ntly,
J+bA望qfor anyq∈ AsshA A/K . T he n, by[10, The o r e m124],the r e e xists I∈ Js u ch
that x +b卓qfor a ny q∈ AsshA A/K . Ne edles sto s ay, al, - ,as,X +bis a n ss opfor
A. Now choo s e xs+2, ･ ･ ･ ,Xd ∈ m S Othatal,
- ･
, as,X +a, xs+2, - , Xdfo r m a n s opf rd.
Set9t- (alT
kl
,
･ ･ ･
, asT
ks
, x
- bTk, xs+2, - ,Xd, T
~ 1)R'(7). We w oul d liketo sho wthat
～旬 isthe graded m a xim alide al of R'(F). Take a nintege r n s u chthatkn ≧ α . The n,
as(bT
k
)
n
･ I ∈ zknT
kn
- ∑8?= 1 aiTki I Fkn _ kiTkn
~ ki ⊆ 訊 and as(bT
k
)
n
(x - bT
k
)∈ 乳 w e
get(bTk)n+ 1∈ 9t. Henc ebT
k
∈ v旬 and x ∈ ∨旬. Now ,fo r a ny n > 0,tak ing m la rge
e n o ugh, w eget(FnTn)帆 ⊆ ∑;='1
1
aiT
ki I Fn m _ kiT
n m - ki ⊆ v旬, a nds oFnTn ⊆ J致 T hu s
R
l
(f)+ ⊆ ヽ伺 . on the otherha nd, as ai - aiTki ･(T
- 1)ki ∈ v旬for a ny1 ≦i≦ a + 1,
we ha v e(al, ･ ･ ･ , as ,
′
x +b, xs+2, - , Xd)R
'
(7)⊆ ∨旬. T hisimplie s mR/(F)⊆ v旬. T hu s
weget the r eqllir ed a ss ertio n.
T heore m 3.5.4 LeiG(F)be aCohe n- Ma c a ulay ring･ The n w eha veikefollo wir!9 as-
se rtio n s.
(1)depthA/K + En ≧d - a - 1fo r a ny n > 0･
(2)bT
k is a n o n- z e ro-divisor o nG(ア)≧α, whe r eア istheβltr atio n(K + Fn/K)n ｡z of
A/〟 .
(3)depthA/K + bFa + Fn ≧ d - s - 1for a ny n > 0･
(4)En - ∑8f=
'
1
1
aiFn _ kifor any n > β･
(5) a(G(3:))- m ax(a(G(3Tp))Ip∈7))･
Proof Set m - m G(F)+ G(f)+ a nd cho o s e x, s+2, - ,Xd ∈ m a sin 3･5･3･ T hen, as
alT
kl
,
- ･
,asT
ks
, xs+2,
･ ･ ･
,Xd, X
- bTkis a r egular s equ enc e o nG(7)m ,
G(∫)/(alT
kl
,
･ ･ ･
,
a
s
Tks)G(7)空 G(ア)- OK + Fn/K + Fn'1
n >
_
0
and xs+2, - ･ , Xd, X - bT
kis a r egula rs eque n c e o nG(亨)m . sin c e xs+2, ･ ･ ･ , Xd is aG(ア)-
regula r s equ e n c e, w e ha vedepthA K + Fn/K + Fn +1 ≧d - s - 1 fo r any n ≧0, s o w eget
the a ss ertio n(1).
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Mo r e ove r, s ettingi - (K +(xs+2, - I , X d)+ Fn/K +(x s+2, ･ ･ ･ , Xd))n e w eha v ethat
G(ア)/(xs' 2, ･ ･ ･ , Xd)G(戸)空 G(i)
a nd x - bTk is a no n- z er o-divisor o nG(i)m ･ Now , bythe choice of x
,
the following
diagr a m
0
l
(G(i)≧α)m リ G(i)m
トbTk i
_
I - bTh
(G(i)≧α)m 叫 G(F)釈
(ex.)
is c o m m utativ e･ He n c ebTkis a n o n- z er o-divis or o nG(i)≧α ･ As xs･ 2,r ,
Xd ar eho m o-
ge n e o u s ele m emis of degre e0,theyfo r m a r egula r s equ e n c e als o o nG(f)≧α and
G(ア)≧α/(xs+2, - ･ ,Xd)G(宇)≧α 望(G(
-
3:)/(x s+ 2, - ,Xd)G(ア))≧α .
This m e an sthatxs+2, ･ - , Xd,bT
his a r egular s equ ence on G(戸)≧｡ , andsobT
k
, xs+2,
･ ･ ･
,Xd
is also ar egula rs equ en c eo
.
n G(デ)≧｡ ･ In particula r, w eget the as s ertio n(2)I
No w w e s et M - K + FJK and
Mn -〈K 'MFn/K…ff nn<2aa.
The nJu - (Mn‡n ∈zi苧 an f
-filtr atio n of M･ Be c a u s eG(ア)≧α - G(Ju),itfolowsthat
bTk, xs+2, - , Xdis a r egular s equ e n c e o nG(〟). Hen c e, setting 苅 to bethe fi1tr a七ion
(bM + M n/b M)n∈盗 OfM/b M,by 3.2.7 w e se ethat
G(Ju)/bT
kG(･M)望 G(刀)- Ob M+ Mn/bM + Mn '1
n ∈2:
andxs+2,
- ･
,
Xdis a r egula r s equ e n c e o nG(こ研). T her efor edepthAbM+ Mn/bM + Mn+1 ≧
d - a - 1 for a ny n･ Thisimplie sdepthA M/bM + Mn ≧a - s - 1for any n･ Tlms w eget
the a ss ertio n(3)asM/b M+ Mn 空 K + Fa/K +bFa + Fn fo r n≧ α ･
LetV bethe c oke rn elof theinclu sion G(〟)リ G(ア). T he n[V]n - 0 u nles s0≦ n <
α ･ Take anyp ∈7) with htAp - a +1. Let m - pG(3Tp)+ G(3Tp)+ . Ap plyingthelo cal
c oho m ologyfun ctor H&(･)tothe e x a cts equ e n c e
O - G(Jup) ー G(ち) ー Ap ⑳A V → 0,
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w eget an exacts equ e n c e
(b) 鴫(Ap ⑳A V)1 鴫(G(.Mp))1 鴫(G(7p))1 H㌫(Ap ⑳A V).
Notic ethat a(G(
-
Fp))- a(G(Ep))+ ∑8?= 1ki≦β - k, ands o【H㌫(G(
-
F
p))】n - 0 fo ra ny
n ≧β - k+1. On the othe rhand,【H凱(Ap ⑳A V)]n - O fo r a ny n ≧ α . As α ≦β - k+1
by3151 , w e s e ethat【H去-(G(ルイp))]n - 0 for a ny n ≧β - k+1, a nds o a(G(ルfp))≦β - k.
T he n, a sbT
kis a n o n- z ero- divis or o nG(〟,), w eha v e a(G(珂,))≦β. Sin c ethel占ft-ha nd
side ofthisinequ ality c oi mi de s with m a x(n[bMp +(Mn)p≠bMp +(Mn +1)p‡,itfollo w s
thatbMp +(Mn)p - b Mp +(Mn +i)p fo r any n > P, which holds als oin the c a s e whe r e
htAP - S. Let n > β･ Asis stated abo v e, depthAb M+ Mn/b M+ Mn+1≧d - s - 1, and
thisimplie sAssAbM + Mn/b M+ Mn +1 ⊆7). T her efo r e w egetb M+ Mn - bM + Mn+1,
a nds o
Mn - (b M+ Mn +1)n Mn
- b Mn Mn + Mn +1
- bMn _ A + M n+1 .
T he n, a s n - k≧ α, w eha v eK + Fn - K +bEn _ k + Fn+1, a nds o
Fn - (K +bEn _ k + Fn+1)n En
- K nFn +bFn _ A + Fn+1
β+1
- ∑aiFn - たi + Fn+l l
i= 1
T hispr ovesthe a ss ertio n(4).
sin c e a(G(苅))- m a x‡nIb M+ Mn ≠bM + M n+1), W eha v e a(G(刀))≦βby(4),
a nds o a(G(〟))≦β - k･ No w w e c o n siderthe exa ct s equ e n c e
日露s(G(〟))- Ham
- s
(G(
-
7))ー H窟s(v) - o,
which is d甲iv edfr o mthe e x a ct s equ enc e0 I G(Ju) 1 G(宇) 1 V ヰ 0.
`
Be c a u s e
【H監
.s(也(.M))]n - Ofo r a ny n ≧β - k+ 1,[暗 s(v)】n - ofor any n ≧ α , andα ≦β - k+1,
itfollo w sthat a(G(ア))≦β - k. Thisimplies a(G(7))≦β - ∑%f=
+
l
l
ki - m a X‡a(G(3T,))I
p ∈7)‡. On the other h and,it is obviousthat a(G(Fp))≦ a(G(F))for a nyp ∈ Spe cA･
T hus w egetthe a s se rtion(5)a nd thepro of is c ompleted.
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Lem m a3.5･5 LetG(3Tp)be Cohe n- M a c a ulayfor a nyp ∈7)･ The nβ < - ･
Pro of Letp ∈ P and htAp - a +1. The n, s etting
β
･
'
- ∑ki+ m ax(a(G(3Tq))lq ∈ AsshA A/Fl a ndq⊆p)+ 1,
i= 1
w egetby3.5.4(2)thatbT
kis a n oIトZ erO-divis o r on G(アp)≧α,, where 亨pisthefiltr atio n
(K Ap + FnAp/KAp)n ez of Ap/K Ap. Set M a nd ルイ - (Mn)n e2: a S in the pr o ofof
3.5.4. Sin c e α' ≦ α a nd G(7p)≧α - G(〟p),bT
kis a n o n-z e r o-divis o r o nG(〟p)･ No w
w etake N > 0 s othat Fn - ∑%?=
'
1
1
aiFn _ ki fo r any n > N a nd α + k ≦ N ･ The n
Mn - b Mn _ A for a ny n > N, a nds o a(G(ルIp)/bTkG(ルip))≦ N ･ Thu sitfolo w sthat
a(G(ル1p))≦ N - k･ No w, c o n sideringthe ex a cts equ e n c e(h)in thepr o ofof3･5･4, w eget
that a(G(7p))≦ N - k. He n c e a(G(Ep))≦ N - ∑%f=
'
1
1
ki. Ther efo r eβ≦ N .
The o r e m3･5･6 LetA be aCohe n- Ma c a ulayrin9･ Le舌G(Pp)be a Cohe n- Ma c a ulay ring
for a nyp ∈ P a nd depth A/K +bFa + En ≧ d - s - 1fo r a nyl≦ n ≦β･ The n w eha v e
thefollo wing a s s e rtio n s.
(1)depthA/Fn ≧d - a - 1fo r a ny n > 0.
(2)IfA/K +Fn is Cohe n- Ma c a ulayfo r a ny1≦ n ≦ α,the nG(F)is aCohe n- M a c a ulay
ring.
Pr o of･ We m ay a s s u m ethatd≧ s + 2. Set M - K + Fa/K . The ndepthA M - d - s .
Take x a sin 315･3. Sin c eM is a m a xim al Cohen - M a c a ulay A/K - m od11e, x + a is a n o n-
zer o-divis o r o nM . He n c ebis a n o n- ze r o-divis o r o nM a s xM - 0 bythe choic e ofx.
Setルイ - (Mn)n ∈2:a Sin thepro ofof 3.5.4. Letp ∈ ア . The n, a sis statedinthepr o ofof
3.5.5, b T
k is a n o n- zer o-divis o r o nG(ルtp). Mo r e o v er, a s
･/b M･ Mn -〈K ' FJK.'bEa '
Fn…ff nn <2aa,
w eha v edepthA M/bM + Mn ≧ d - a - 1 for any n _< β. Now w e ap ply 3･3･1, s etting
r - e - 1, N - β, al - a, and kl - k. Itfollo wsthatdepthA M/bMp+ ト k ≧ d - s - 1･
冬s s u m ethat Mp+1 ≠ b Mp+ ト k･ The nthe r e exists p ∈ AssA Mp+1/b Mp+1 - k･ We have
p ∈ ア a sp ∈ AssA M/bMp.1 - k･ Letβ′ - a(G(fp))+∑8f=
'
1
1ki･ T he n,by3･5･4(4), FnAp -
∑8f=
'
1
1
aiFn _ kiApfo r any n > β
l
. He n c eFp.lip ⊆ KAp + bFp.1 _ kip, a nds o(Mp. 1), -
b(Mp+ ト た)p a B α≦β+ 1 - k･ How e v e rthis c o ntradictsp ∈ AssA Mp+1/bMp+1 - k ･ As a
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c ons equ e n c e, w eget Mp+1 - b Mp+1- k⊆bM ･ It followsthatdepthA M/bM + Mn ≧d - s -
1fo r any n . The n, applying3.3.1 again, w egetb Mn Mn - b Mn _ A a nd depthA M/Mn ≧
d - a - 1for a ny n . In partic ula r, by3.2.7,b T
kis a non - zer o-divis or o nG(ルー).
No w, c o n sideringthe ex a ct s eque n c eO ヰ M/Mn l A/K + Fn l A/K + Fa ヰ 0, we
getdepthA A/K + Fn ≧ d - a - 1for a ny n . T herefor e, by 3･3.1, alT
kl
,
･ ･ ･
,asT
ks is a
G(3:)- r egula r s equ e n c e a nd depthA A/Fn ≧d - s - 1fo r any n ･
In o rder to in v estigate the Cohe n- Ma c aulayne s of G(F), w e n otic ethat G(ルt)is
a cohe n- M a c aulay G(F)- m odule. In fa ct, setting二研 to be the F -filtr atio n(b M +
Mn/bM‡n ∈盗 Of M/b M, we have
G(〟)/bT
kG(〟)空 G(刀)- Ob M+ Mn/b M+ Mn'1 I
n≧a
Sin c edepthAb M+ Mn/b M+ Mn '1≧a - s - 1for a ny n,i七follo w sthatdepthG(F)G(刀),-
d - β - 1, andso depthG(F)G(Ju) - a - s ･ He n c e w egt the r equir ed a sβertio n･
LetV - G(ア)/G(〟). Ass u m ethatA/K +Fn isCohe n- M a c aulayfo r a ny1≦ n ≦ α ･
T he n, as[V]n - K +Fn/K + Fn+1fo rO≦ n < α a nd[V]n - 0 u nles s0≦ n < α, w e_ha v e
depthG(F)V
- d - s･ T her efo r e, c o n side ringthe e x a ct s equ e n c e0 I G(〟)1 G(戸)→
v ヰ 0,㌔w e s e ethatdepth G(デ) - d - s . Tlmsi七folo ws七ha七 G(F)is Cohe n- Ma c aulay
a ndthepr o ofis c o mpleted.
3.6 Ap plic atio n s
LetA bethefo r malpo w er s e riesring K[[X,Y,Z, W]]o v e r afieldK . Let Ibetheide al
of Age n e r ated bythe m a xim al m inors ofthe m atrix
･ -(冨;w xa x:),
where mis a･po sitiv ein tege r. The nA/Iis aCohen - M a c aulay ring withdim A/I - 2･
h thefollo w l ng, af)plyingthe r e s ultsin pr e vio u s se ctio n s, w e willc o mputethe sy mbolic
po w er s of ∫. -
Fo r1≦i≦4,letaibethe min or c orr e spondingtothe m atrixderived fro m M deleting
thei-thc olu m n･ Us u aly, w ede n ote al,a2, a3, and a4 by a,b,c, a nd d) r e spe ctiv ely･ T he n
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w eha v ethefollo wlng r elation s:
(#1) Xa - Y b+ Zc - W md - 0 ,
(#2) Ya - Z b+ Wc - X d- 0, and
(#3) Za - W b+ Xc - Y
md - 0 ･
Le m m a3･6･1 Letp∈ AsshA A/I･ T he nIAp - (a,a)Ap･ Hen c eI(
n)Ap - I
nApfor any
n a nd G(ZAP)is aGor e n stein ring Witha(G(ZAP))ニ ー 2･
Pr o of. Letqbetheidealof Age n eratedbythe m a ximalmin o r s ofthe mirix
(;w xa).
T hen I 蛋q asq ⊆(Y,Z, W)A andb ≡ - X3 m od(Y, Z, W)A. Itfollo w sthatq 望p
fo r a ny p ∈ AsshA A/I asqis aprim eide al with htAq - 2. Be c a u s eqI ⊆(a,d)A,
ZAp ⊆(a,d)Apfo r a nyp ∈ AsshA A/I･ Thu s w eget the as s e rtio n･
The o r e m3.6.2 Let m - 1. The nthere e xists e∈ I(2)＼z
2
s u chthaiRs(I)- A[ZT, eT
2
].
W he nthisisike c a s e, Rs(I)is aGo re n siein ring.
Pr o of. Set
u - XZ - Y2, v - x
2
- y w, w - x w - yz ,
f - XY - Z W, g - Y W - Z2, h - X Z - W 2 .
The n w eha v ethefollo wlng relatio n s:
(#4) v(c
2
- bd) - u(b
2
- ac),
(#5) - w(c
2
- bd) - u(bc - ad),
(#6) f(c
2
- bd) - u(ab - cd),
(#7) g(c
2
- bd) - u(ac - d
2
),
(#8) h(c
2
- bd) - u(a
2
- bd).
Bec aus eu, vis a regula r s equ e n c e, by(#4)the r e e xists e∈ A s u chthat u e - c
2 ⊥ bd and
v e - b2 - a ct More over
,
by(#5)weha v e
w e(c
2
- bd) - u e(bc - ad)
- (c
2
- bd)(bc 1 - ad),
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a nd s o w e- bc - ad･ Similarly, u sing(#6),(#7), a nd(#8), W egetfe - ab - cd,
ge - a c - d
2
,
a nd he - a2 - bd. He n ce e ∈ I2 : a, wher e% - (u, v, w ,I,g,h)A. This
implie s e∈ I(
2) a shtA 乳 ≧ 3･ W ehave e≠Z2 sin c e(Y,Z, W)A + I
2
- (x
6
,y, z, w)A
a nde = X4 m od(Y,Z, W)A.
We s et
Fn -
∑ eip
'
ifn ≧O
i
,3
'
≧0
2i+3
'
- n
A ifn < 0.
T he nFl - I, F2 - Z
2
+ eA, a ndZ
n ⊆ Fn ⊆I(n)fo r a ny n. Let F - (Fn‡n ∈z. It is e a sy
to s e ethat fis afi1tr atio n sllChthat En - ann _ 1 + eFn _ 2fo r any n ≧2. Henc eFis a n
equim ultiple fi1tr atio n a nd a,eis a r edllCtio n of F.
Letp ∈ AsshA A/Fl ･ The nby 3･6･1 G(3Tp) (- G(Zp))is a Go r9n Stein ring with
a(G(3Tp))- - 2, a nds o,
1+ 2+ m a x‡a(G(7p))Ip ∈ AsshA A/Fl) - l･ Notic etha七 A/Fl
is aCohe n- M a c a ulay ring. T he r efo r eby3･4･1 w e s e ethat G(∫)is Cohe n- M a c aulay and
A/En is Cohe n- Ma c a ulayfo r a ny n ≧1･ No w, by[4, T he o r e m1.2】itfollo wsthat G(F)
is aGo r e n stein ring with a(G(7))ニ ー 2. T he n[5, Corollary1.4】implie sthat a(7)is a
Gore n stein ring. Let n be apo sitiv eintege r. Sin c eA/En is Cohe n- Ma c a ulay, Fn C_ I(n),
and EnAp - I(
n)Apfo r anyp E AssA A/En - AsshA A/I, w e get En - I(n). T herefore
a(F)- Rs(I)andthe pr o ofis c o mpleted.
The o re m 3.6.3 Let m ≧2. Thenthe r e e xists e ∈ I(3)＼∫3 s u chthatRs(I) - A[ZT, eT
3】.
W he nthisisthe case, Rs(I)is aGo ren stein ring.
Proof. Wedividethepr o of imio s everalsteps. Let u sbegin withthefollo wing
Claim 1 Leipbe aprim eideals uchthaiZ⊆p and htAp≦3. The nZApis9e n e r aiedby
a regula r s eque n c eofle n9th2･ He n c eI(n)Ap - ZnApfor a ny n andG(Zp)is a Go renstein
ring witha(G(Ip))ニ ー 2.
･-ProQfofClaim l･ Let,9tbetheide alof Age n er atedbythe2- min o rs of the m atrix M ･
AsY2 - xz ∈ 乳 andY m +1 - x z∈9t, w eha v eY
2(y m
- 1
- 1) - Y m +1 - y2 ∈ 乳 Henc e,
if乳 ⊆p,it folo w sthat Y∈p, ands op - m . Ho w everthisisimpo s sible. Cons equently,
乳 望p. T hen 七here exists 1 ≦ α < β ≦ 3 and l ≦ i < 3
'
≦ 4 su ch that the min o rf
c orrespond ing七othe subm atrix ofM withr ow s α,β and c olu mnsi,iis n ot c ont ain ed inp.
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Let(k,i) - (1,2,3,4)＼(i,i)I The n, a sfZ⊆(ak, aE)A,it follo ws thatI i
p ⊆(ak, al)Ap.
Tlms w eget the claim .
Claim 2 depth A/(a,d)+ J2 - 1.
Pro ofofClaim 2. We s et
Pl
P2
P3
(a b2 bc c2 d),
ハ
し
c
m
ズ
0
イ
z
Ⅳ
m
㌶
Ⅳ
o
㌶
Ⅳ
'
〃
u
0
0
0
～C
O
で
別
で
｡
αC
my
T
n
l
mylハしズ
ー
むズ
0
0
tl′′
- X
- Z
W
〟
- X
0
O
- y
Z
x2 - yw m y m +l l XZ XY m - ZW m
)
＼
t
~
~
~
｣
and
Since wellaVe
x ab - Y b2 + zbc - W
mbd= 0
by(#1), the(1,1)- c o mpo n emi ofpIP2is 0. Simila rly, w e s e ethat the othe r e ntries of
pIP2 a r e als o0. M o r e ove r, wegetp2P3 - 0fr om the relation s:
(x
2
- yw
m
)d - Y
2
b - XZb+ X Wc - YZc ,
(y
m +1
- x z)d - Z2b - YWb+ X Yc - ZW c ,
(x y
m
- zw
m
)d - Y Zb- X W b+ X
2
c - z
2
c
,
(x
2
- y w m)a - xy b- ZW
mb+ W
m +1
c - x zc ,
(y
m +1
- xz)a - y
m zb - X W b+ X
2
c - y m w c , and
(X Y
m
- ZW
m
)a - Y
m +1b - W m +1b+ X W
m
c - Ym Zc .
W eget the s erelations c o mput ing(#1)x Y - (#2)x X ,(#2)x Z - (#3)x Y,(#1)x Z -
(#3)× X ,(#1)× X - (#2)× W m ,(#2)× Y m - (#3)× X, and(#1)× Y m - (#3)× W m ･
T bere払r e･
0 → A3 卑 A7 阜 A5 与 A → A/(a,b
2
,
bc
,
c
2
,
d)A → 0
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is a c o mple x. One c a n s e ethat itis a nexact s eqll e n C eby[2】. He nc e w eget the claim a s
(a,d)A +Z
2
- (a,b2,bc, c2,d)A.
Claim 3 Letp be aprim eidealofA s u chthai Z⊆p and htAp≦ 3. The n aT,d Tis a
G(Ip)- regula rsequ e n ce･
ProofofClaim 3. Sin c eG(Zp)is Cohen - M a c aulay by Claim 1, iもis e n o ughto sho w
that aT,d Tis an s s opfo rG(Zp). As(Y,Z,W)A望p,by(#1),(#2), a nd(#3)w eha v e
b∈(a,c,d)Ap, a nds oI Ap - (a,c,d)Ap･ Mo r e o v er, by3･6･1 w eha v eZ Aq - (a,d)Aq fo r
a nyq∈ AsshA A/I･ T her efo r e w eget the claim by3･5･3.
claim 4 ∫(2) = ∫2.
Pr o ofofClaim 4. By Claim 2, Claim 3, and3.3.1, w egetdepth A/Z2 > o. T his yields
z(2) - I2 sin c e, by Claim 1, I(
2)A
p
- Z2Apfor any prim eidealps u chthat I ⊆p a nd
htAp≦3.
Claim 5 The re e xists e∈ I(3)＼I3.
s u chthai
(#9) Xe - b
3
+ w
m - 1
a
2d+ Y
m - 1
c
2d - Y m
- 1 w m
- 1bd2 - 2abc,
(#10) Ye - c
3
+ ab
2
- a
2
c + w
m - l
ads - (1+ W
m - 1
)bed,
(#11) Ze - Y
m - 1 w m
- Ida - (y
m - 1
+ w
m - 1
)acd - b
2d+ a
2b+bc
2
, a nd
(#12) We - Y
m ~ 1
cd2 - (1+ Y
m ~ 1
)abd- a c
2
+ a
3
+b
2
c .
Pr DOfofClaim 5. By(#1)a nd(#2)w eha v e
W md - X a - Y b+ Zc a nd Wc - X d- Y a + Z b.
Sllbstitutingthe s e equ atio n sto
c ･ w md - W m
- 1d･ W c a nd b･ W c - c ･ W b,
w eget
(#13) Z(c
2
- w m
- lbd) - Y(bc - W
m - l
ad) - X(ac - W
m ~ 1d2)and
(#きゃ) Z(b
2
- a c) - y(ab - Y
m ~ 1
cd卜 X(bd- c
2
)･
Mo r e o v er, w e slユbstitute(#1 3)and(#1 4)to
z(c
2
- w
m - 1bd)･(b
2
- ac) - (c
2
- w m
- 1bd)･ Z(b
2
- ac)
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a ndget
x(c
3
+ ab
2
- a
2
c+ w
m - 1
ad2 - (1+ W
m - 1
)bed)
- y(b
3
+ w
m - l
a
空d+ Ym
- 1
c
2d - Y m
- 1 w -
- 1bd2 - 2abc).
He n c ether e e xists e∈ As atisfying(#9) and(井lo)･ T he equ atio n(#1｡)yields
Ze(b? - a c) - Ye(ab - Y m
- 1
cdト Xe(bd- c
2
).
Substitut ing(#9) and(#10)tothe right-h andside, w eget
Ze(b2 - ac) -
(y
m ~ 1w
m ~ 1d3 - (y m
- 1
+ w
m ~ 1)a cd - b
空
d+ a
2
b+bc
2
)(b2 - a c).
T hisyields(#11). Fin ally, w eget(#12)substituting(#9),(#10), a nd(#11)to
We c - X e ･ d - Ye ･ a + Ze ･b,
whichisindu c ed fr o m(#2). T he n e∈ Z3 : m , ands o e∈ I(3). sin c e(Y,Z,W)A + Z3 -
(x9, y, z, w)h and e ≡ - X8 m od(Y,Z, W)A, w e s e etha七 e ≠Z3 a nd thepro ofof the
claim is c o mpleted.
No噛 w e s et
En -I
∑ eip
'､
ifn ≧O
i
,3
'
≧0
3i+3
'
- n
A ･ifn < 0 .
Inpartic ula r, Fl - I, F2 - P, a nd F3 - I
3
+eA. Notic ethat(#9),(#1 0),(#11), a nd(#12)
implythatb
3
, c
3
,bc
2
, a ndb
2
c a r e allc o ntain edin(a,d, e)A･ He n c eF3 ⊆(a,a, e)A. It is
e a syto s e ethatF - (Fn)n ∈zis afi1tr atio n of As u chthatR(7) - A〔I T, eT
3
]･ M o r e o v e r,
the equ alitie s(#9),(井lo),(#11), a nd(#12)implythat Fn - aFn - 1 + M n - 1 + eEn - 3fo r
any n ≧3. He n c e a,d,eis a r edu ction of f.
Claim 6 A/[(a,d): e]is aCohen - M aca ulay ring.
Pro ofofClaim 6. Siムce a,d is a r egula r s equ enc econtainedin I, by[14, Propo sitio n
1.3]A/[(a,d): Z]is a21dim ension alCohen- M a c aulay ring. He nceit is e n o ughto sho w
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that(a,a): e - (a,d):I･ Obvio u sly(a,a): e ⊇(a,d): Z a s e∈ I･ Sup po s e(a,d):
e ≠(a,d): I･ The nthe r e existsp ∈ AssA[(a,d): e]/[(a,d):I]⊆ AssA A/[(a,d):Z]. It
follo w sthathtAp - 2 as depthA/[(a,d):Z] - 2. Ife ∈p,the nZ
3 ⊆ F3 ⊆(a,d, e)A ⊆p,
and s op ∈ AsshA A/Z･ He n c e, in this c ase, by3･6･1 w eha v e(a,-a)Ap ･･ ZAP - Ap･ T his
c ontr adicts 七hat p ∈ AssA A/[(a,a): Z]･ Co n s equ e ntly e 卓や, and s o(a,d)Ap : e -
(a,d)Ap ‥Z Ap - (a,d)Ap. Thisis als oimpo ssible. T lms w eget the r equir ed equ aii七y.
Claim 7 depth A/(a,d)+ F3 > 0･
Pro ofofClaim 7. Notic ethat(a,d)+ F3 - (a,d, e). T he r efo re, c o n side ringthe ex -
a ct s equ e n c eo ぅ A/【(a,a): e】与 A/(a,d) ヰ A/(a,a, e) う 0, we getthe claim a s
depth A/[(a,d)I: e] - 2by Claim 6･
C laim 8 depth A/Fn > 0fo r a ny n > 0 a nd G(I)is aCohe n- Ma c a ulay ring･
Pro ofofClaim 8. Notic ethatby3.6.1, ifq∈ AsshA A/Fl, W eha v e
FnAq -･aFn - 1Aq +dFn - 1Aq
fo r a ny n J> 0. Le t7) - (p ∈ Spe cA IZ⊆p and htAp ≦3‡. Set α - 1 + 1+
m a x‡a(G(7q)) Iq ∈ AsshA A/Fl)+ 1 a ndβ - 1 + 1 + 3 + m ax(a(G(Ep)) lp ∈ P)･
ByClaim 1 w e s e ethat,for a nyp ∈ P, G(7p)is aGo r e n stein ring witha(G(3Tp))- - 2･
As･a c o n s equ e n c e, w ehave α - l andβ - 3. Notic ethat(a,d)+ eFl + Fn - (a,d)+ En
for n - 2,3. He n c e, by Claim 2 and Claim 7, depth A/(a,d)+ eFl + Fn > 0fo r a ny
1≦ n ≦3. Therefo r e, by3.5.6 w eget the a ss ertio n ofthe claim .
No w w e are r e ady tobrove 3.6.3. Sinc eG(3:)is aCohen - M a c aulay ring s u chthat
G(Fp)is aGo r e n stein ring with a(G(3Tp))ニ ー 2fo r anyp ∈7), by[4, The ore m l･2]it
follo w sthatG(I)is aGo r e n stein ring witha(G(7))ニ ー 2･ T he n[5, Cor olla ryl･4】implies
tha早耳(3T)is a Gor e n steinring･ Let n be a ny po sitiv ein teger･ Since depth A/En > 0,
Fn ⊆ I(
n)
,
a nd Fn.
Ap - I(
n)A
p
fo r any p ∈ AssA A/En , we get Fn - I(
n)
･ T her efQre
R(7) - Rs(I) andthepr o ofis c o mpleted.
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C hapte r4
Hilbe rt Co e用.cie nts a nd
Buchsba u m n e s s of As s o ciated
Gr aded R ings
4.1 Introdu ctio n
Let A be ad- dim ensio n al No ethe rian lo calring withthe m axim alide al m and Ian
m -prim a ryide alof A. Then there exist integers eo(I), el(I), - , ed(I)s u chthat
eA(A/I
n ･1) - eo(I)(
n
吉
d
)- el(I)
n
三三T
1)+ ･ - ･(- 1)ded(I)
for n≫ 0･ T hes ei mieger s a r e c alledthe Hilbert c o e氏ciemis ofI a nd alot ofr e sults
a r ekno w n o nthe min the c as e wher eAis aCohe n- Ma c aulay ring. Fo r e x a mple, a s w a s
pro ved by Northc ott[8], w e alw ays ha v e eo(I) - eA(A/I)≦ el(I)I M oreo v er, pr ovided
A/帆 is in fi mi te, Huneke a nd Ooishipr o v edthat eo(I) - eA(A/I) - el(I)ifand onlyif
I2 - QZfo r s o m e(a ny)minim alr edu ction a ofI, and when thisisthe c a s e, by[11],the
a ss?ciatedgradedring G(I)
- On≧oZ
n/I
n'1is aCohe n- M a c a ulay ring･ Thepurpo s e of
this paperisto e xte ndtheir r es111ts witbo llt as s u mingthatAis aCobe IトM a c a111ay rlng･
Suppo s ethat Ic ontain s apar am ete ride alQ as a r edu ctio n･ Then,from Northc ott
'
s
inequality, o n e c an e asilydedu c ethateo(I) - eA(A/I)≦ el(I) - el(Q) (See4･3･1)･ As-
s u mingthatQis a sta nda rdidealinthe s e n s e of[10, Definitio n1 9of Ap pe ndix], w e will
iIIV e Stigate whe nthe equality eo(I) - eA(A/I) - el(I) - el(Q)holds･ In o rde rto state
o ur res ult,let u sfix s o m e n otation ･ For a nide alq of Awhichis mimim ally ge n e r atedby
α1,
- ･
, αβ, W e S et
β
∑(q)- q+ ∑【(al, - , ai - 1, ai'1, - , as):A ai]･
i= 1
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It is e a sy to s e ethat ∑(q)do es n ot depe nd o nthe choic e ofthe minim al syste m of
ge n erators. For a m odule M o v e r a ringR, w ede n otebyH
%;(M)thei-thlo c alc oho m ology
m odule of M withr e spe ct to a. In pa rtic ular, w e s et W - H芝(A)･ The n w eha v ethe
follo w l ng.
T he o r e m4.1.1.Suppo s eihai
'Z c o ntain s a sta nda rdpa r a m ete ride ala as a redu ctio n.
The n eo(I) - eA(A/I)- el(I) - el(a)ifando nlyifZ2 ⊆QI+ W a nd ∑(a)⊆I.
If thele ngthofH訟(A), whichis de n oted byhi(A),isfinitefo r any10≦i< d, w eha v e
that
d- 1
- el(Q)≦∑
i= 0(?I1
2
)hi(A)
withequ ality whe nais a sta nda rdide al(See4･2･4)･ T her efor e, a s a c o n s equ n c e of4.1.1
and[3], we get the n ext res ult.
Corol a ry 4.1,2 IfAis a qu a si- Bu chsba um ring, then
d- 1
s up(eo(z) - eA(A/Z卜 el(I))- ∑
ヽ庁- m i= 0(?:1
2
)hi(A)･
More over, a s s u m l ngthat Ais aBu chsba u m ring O r a Slightly differ e nt c o nditio n,fo r
●
ideals I which e njoythe pr operty statedin 4.1.1, we willstudythe Buchsbau m n ess of
G(I)together with i(G(I))and a(G(I)), wher eI(*)a nda(*)den otethei- inv a riapt(cf･
[10,p. 254])a nda-in v ariant(cf･[4])respe ctiv ely･
T he o r e m4.1.3 Suppo s ethat eithe r(i)A is aBu chsba u m ring 0 r(ii)A is aqua si-
Bu chsba u m ring a ndI⊆ m
2
. Ill contains ap w a m ei ride alQ s u chthaまI2 ⊆ QZ+ W
a nd ∑(Q)⊆ I, the nG(I)is a Bu chsba u m ring WithI(G(I))- Ⅰ(A)a nda(G(I))≦2 - d･
T hr o ugho ut thispape r(A, 孤)den ote s a c o m mutativ eNo etheria nlo c alring witha -
dim A > 0 andI a n m-prim aryidealof A. The Re e salgebr aa(a)ofa nideala ofa ring
廃isthe s益brin畠
~
R[Ii]of R[t], wher ei is a nindeter min ate. The a ss o ciatedgradedring
G(a)isth占
:
qu otie nt ring R(a)/aR(a). Fo rI∈ a(a), w ede n oteit
'
sim agein G(a)byア.
4.2 Pr elimin aries
Webegin withthefollowing resultofo n edim ensio nalc a s e･
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Le m m a4.2.1 Letd - 1. IfZ c o ntain s apa r am ete ride alQ as a redu ction, the n w eha v e
thateo(I) - eA(A/I)≦el(I)+eA(Zn W)withequ alityifa ndo nlyifI
2 ⊆QI+ W .
Pro of. Let B - A/W . The nBis aCohe n- Ma c a11 ay ring with dim B - 1 a ndQB is a
para m ete ride alof Bc ontain edin I Bas a r edu ctio n･ He n c e,by Northc ott
'
sin equ alitya nd
the res ultof Hun eke and Ooishistatedinlntr odu ctio n, w ehrethateo(Z BトeB(B/I B)≦
el(Z B)with equ alityifa ndo nlyifZ
2B - QIB. Onthe othe rha nd, a seB(B/Zn +1B) -
eA(A/In+1) - eA(W)for n≫ 0, w eha v e eo(I B) - eo(I) and el(Z B) - el(I)+eA(W).
Mo r e o v e r, B(B/ZB) - eA(A/I) - eA(W)+eA(In W)･ T he r efo r ewe get the r equired
a s s e rtio n a sI2B - QIBifandonlyifI2 ⊆QI+ W .
W hen w einv e stigatehigherdim e n sio n alc as e, w e r edllC ethe dim ensio n u slng a SllPe r-
ficialele m e nt(cf. [7,Se ctio n22]), a nd七he n e xtr e sult, which m aybe w el kn o w n, plays a
key r ole.
Le m m a4･2･2 Letd≧2 a nd a be a s upe rjicialele m e nt oil. We s etB - A/aA. The n
dim B = d - l a nd
ei(Z B)-〈
ei(I) ifO≦i< d - 1
ed _ 1(I)+(- 1)
a - led(0:A a) ifi - d - 1 .
Pr D Of･ Let n ≫ 0. Then In+1 n aA - aln andIn n(0‥A a) - 0. He n c e w eha v e a n e x a ct
S equen c e
o → o:A a ー A/Z
n 斗 (aA+ Z
n+1
)/z
n +1
→ o,
s otbat
eB(B/I
n+1B)
- eA(A/I
n +1) - eA(A/I
n
)+eA(0:A a)
d
∑(- 1)iei(I)
i= O
a- 2
∑(- 1)iei(I)
i= 0
n + d -
d - i
n + d -
i
)一妻(- 1,iei(I)(n
~
三三%?1+e^(o:A a,
三:
'-
:
)d - 1 - i + ト1)d ｣(ed _ 1(I)+(- 1)a- led(0:A a)‡.
T hu s w eget the r equired a s s ertio n.
Le m ma 4･2･3 Suppo sethaiA/m isinjiniie a ndJis a redu ction off. The nthe r e e xists
a n elem e nt a ∈ J which is supe rBcialfo rboth oil a nd J. M ore ov e r,for s u ch ele m e n舌
a ∈ J, s eiiin9 B - A/aA, w eha ve el(I) - el(J) - el(ZB) - el(J B)provided d≧ 2.
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Proof. Bytaking a ge n e ral1in e a rfor min G(J)/m G(J), w e s e ethe e xiste n c eofa ∈ J
s atisfyingthe requir edc o nditio n･ If d≧ 3, w eget the equ alitysinc e el(Z B) - el(I) and
el(JB) - el(J). Ev e nifd - 2, w eha v e
el(ZB) - el(J B) - ‡el(I) - eA(0:A a))- (el(J) - eA(0:A a)‡
- el(∫) - el(∫).
Le m ma 4.2 A LetQbe apa ra m ete ride alofA. We ha v ethefollo wing Siaie m e ntspro-
vided hi(A)isBnitefor a ny0≦i< d･
(1)Letd - I. The n - el(Q)- h
O(A)･
(2)Leid≧2･ T hen w eha v ethat
d- 1
- el(Q)≦∑
i= 1
withequ alityif Qis a sta nda rdide al.
(?:1
2
)hi(A)
Pro of. Letd - 1. Then,takingn ≫ Os u chthat W - 0:A Qn and eA(A/Q
n
) - eo(Q)･n -
el(Q), w e s e ethat - el(a)- eA(W)sinc e eo(a)･ n - eo(Q
n
) - eA(A/Q
n
) - eA(0:A Q
n
)･
T hTS アeget tle a ss ertio n(1)I
Ne xt w e a ss u m ethatd≧ 2. Mo r e o v er, in o rderto pr ovethe a ss ertio n(2), w e may
as s u m ethatA/孤 isinfinite･ T he n w e c a n cho o s e a∈ Q＼mQwhichis a s uperficialele ment
ofQ. Let B - A/aA and0≦i< d - 1･ Co n sideringthe e x a cts eqlle n C e
o - 1 0:A a → A ｣㌧ A → B → 0,
w eget the e x a cts equ en c e
(#) 孤(A) 斗 砥(A) → 叱(B) → Hi+1(A) 斗 HL+1(A).
tle n c ei七follo w sthat hi(B)≦h
i
(A)+h
i+ 1(A)withequ ality when Qis a st andardideal･
Leta - 2-. Then - el(Q) - -(el(QB)+eA(0:A a))- h
O
(B) - eA(0:A a)･ Be ca us e
the ex a ct s equ e n c e(#)implie sh
O
(B)≦eA(0:w a)+ h
l
(A), w ehave - el(Q)≦ h
l(A)･
Furtherm o r e, ifQis st andard, the nhO(B) - h
O(A)+ hl(A)and 0 :A a - W , so that
- el(Q)- hl(A)I
-Let a≧ 3. The n el(QB) - el(Q). He n c e w e c a n e a sily v erifythe a s s ertio n(2)by
indu ctio n o nd.
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4.3 Ge ne r al c a se
As a res ult in ge n er alc a s e) w egivethefollowing ass ertio n, w hichis age neraliz atio n of
●
No rthc ott's inequ ality.
T heo r e m4･3･1 Iflcontain s apa ra mete ride alQ as a reduction, the neo(z)- e｡(A/I)≦
el(I) - el(Q).
Pro of. W epr o v ebyindu ctio n o nd･ If d- 1,the a ssertio nfolows fro m 4.2.1 and 4.2.4.
Sup pos ethatd≧2･ We m ay a s s u m ethatA/m isinfinite, s othat there e xists a∈ Q＼mQ
whichis s uperficialfo rboth ofI andQ. The n, s ett ing B - A/aA, w eha v e
eo(I) - eA(A/I) - eo(I B) - eB(B/I B) by4･2.2
_
< el(JB) - el(QB) bythe inductive hypothe sis
- el(I) - el(Q) by4.2.3.
T hus we getthe r equir edinequ ality.
The next re s ultgiv es a s u凪cie nt condition u nder whichtheinequality of4.3.1 turn s
in to an equal ityin the ca s e wher eI - m .
Pr opo sitio n 4.3.2 LeiQbe apa r a m ete ride alwhichis a r edu ctio n ofm . uthere e xists
a nide al VofA s u chthatdim A V < d a ndm2 ⊆Qm + V,ihe n eo(m)- 1 - el(m ト el(Q).
Pr o of. Wepr ovebyindu ctio n o nd. If d- 1,the nV ⊆ W ⊆ m , s othatby4.2.1 w ehav e
eo(m) - 1 - el(m)+eA(W), whichyieldsthe r eqllir edequ alitysin c e- el(Q)- eA(W)by
4･2･4･ Suppo s ethatd≧2･ Asw e m ay a s s u HIethatA/m isin丘nite,it ispo s sibletotake a n
ele m emia ∈ Q＼mQs u ch七hatdim AV/av < d - 1 a nd ais a s upe rficialele m e ntforboth
ofm and Q, Let B - A/aA. Then dim B VB < dim B a sVB is aho m om orphicim age
of V/aV, s othatbytheindu ctiv ehypothesis we ha v e eo(m B) - 1 - el(mB) - el(QB),
fro m which the r equir ed equalityfollo ws sinc e eo(m B) - eo(m)a nd el(m B) - el(QB) -
el(m) - el(Q)･
Cor ollary 4.3.3 LeiQ be apa r a mete ride alwhichis a redu ctio n ofm . Then eo(m) - 1
ifand onlyifel(m) - el(Q).
Proof･ Be c a u s e0 ≦ eo(帆) - 1 - eo(m) - eA(A/m)≦ el(m) - el(Q), w eget eo(孤) - 1
ifel(孤) - el(Q)･ In o rderto pro v ethe c on ver s eimplic ation, w e m ay 舶 S u m ethat A
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is c o mplete. No w s uppo s ethat eo(m) - l･ Let a(p)be the p-prim a ry c o mpo n e nt of
a prim ary de c o mpositio n ofO･ We s et V - np｡ Assh Aa(P), Whe r eAsshA de notesthe
s et ofa s s o ciated prim e s of Awho s e c oheight is d, a nd B - A/V. Then dim A V < d
a nd eo(m B) - eo(m) - 1, whichimpliesthat B is aregularlo c alring･ Henc e w ehav e
m ± Q+ V, s othat m
2 ⊆ Qm + V. T he r efo r e, by4･3･2 itfolowsthatel(m) - el(Q)I
4.4 The c a s e whe r eQis a sta nda rd ide al
Le m m a4.4.1 Letd ≧2 a ndQ - (al,a2, - ,ad)be a sta nda rdpa r a m ei ride al ofA･
We B eta - al,a - ad,J - (al, a2, - , ad - 1)a nd K - (a2, a3, - , ad). The n w eha v ethe
follo wing.
(1)aJ:A b2 - aJ :A b･
(2)aJnbA⊆ aJIpro vided≡(Q)⊆I･
(3)I2⊆QZ+ W pr o vided ∑(Q)⊆Z, I
2 ⊆JZ +[bA:A a]and I2 ⊆ K Z+[aA:A b]･
pro of. (1)Let u stake a ny I ∈ aJ :A b
2
a nd w rite b2x - ay, with y
l
∈ J. The虫, as
y ∈【b2A :A a]∩(b
2
, al,
･ ･ ･
, ad - 1),there exists I ∈ A s u chthaty - b2z･ He r e w e n otic e
thatbz ∈ J sinc e I∈ J :A b
2
- J :A b･ On the otherhand, a sb
2
x - ab2z, w eha v e
b3; - abz ∈【0:Ab]nbA - 0, s othatbx - a ･bz ∈ aJ･ T hu sweget aJ:Ab
2 ⊆ aJ:A bapd
the c onv er s ein clu sionis obviou s.
(2)Le七 u stake a nyE ∈ aJ nbA and writeE - ay - bz, withy ∈ J a nd z ∈ A･
M ore o v er, w e w ritey - alyl + - + ad_ 1yd_ 1, Withyl, - ,yd _ 1 ∈ A. It is e n o ughto show
yi ∈ Ifor anyl ≦i≦ d - 1. Ho w eve r, asyl ∈ K :A a
2
- K :
J4 a ⊆ ∑(Q)⊆ Z, w e m ay
c o n sider onlythe cas ethata≧ 3 and2≦i≦ a - 1. Be c a u s e ayl ∈ K, w e c a n expres s
ayl - a2Z2+
- +adZd, Withz2
=_
,
-
, Zd ∈ A･ The n zi ∈(al, ･ ･ ･ , ai - 1, ai'1, ･ ･ ･ , ad):A ai⊆I
fo r草野 2≦i≦d･ On the othe rha nd, a s
bz - a(a2Z2 + ･ ･ ･ + adZd)+ a a2y2 + ･ ･ ･ + a ad _ 1yd_ 1
- a a2(y2 + z2)+ - + a ad _ 1(yd - 1 + zd_ 1)+ a adZd ,
it丘)1lo w stlat
yi+ zi ∈(a2, ･ ･ ･ , ai _ 1, ai+1, - , ad):A a ai
⊆(a2, - ,ai _ 1, ai+1, - , ad):A ai⊆Z
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for2≦i≦d - 1, andhe n c ew egetyi ∈ Z.
(3)It is e n o ughto sho w[aA :A b]n I2 ⊆ J Z+ W･ Let u stake any x ∈【aA :Ab]n Z2.
T he n,bx - ayfo r s o m ey ∈ A, a nd a x - aE+bzfor s om eE∈ JZand I ∈ A. 托 ｡ m the s e
equ alitie s w eget a
2
y - abe+b2z･ He n c e I∈ aJ :A b2 - a J ‥A a, so thatbz - 叩 fo r so me
l ∈ JZ･ T he nitfollo w sthata x - aE+ 叩 , Which implies 3; - E - T7∈ 0:A a - W . T hus
w eha v eこだ ∈ JZ+ W a ndthepr o ofis c o mpleted.
ProofofTheore m41 ･1･ We pr o v ebyindu ction o nd･ By 4･2･1 and 4･2 A w eget the
a s s e rtion when d - 1･ Sup po se thatd ≧ 2･ As we m ay a ss um ethat A/m is infinite,
it is po ssible to cho o s e a minim al syste m ofge n e r ato r s al, - , ad OfQ s u chthat al
and ad are S upe rficial fo rboth of la nd-Q. We s et a - al,a - ad, B - A/aA,J -
(al, - , ad ｣),K - (a2, ･ ･ ･ ,ad)a nd Qi - (al, - , ai - 1, ai+1, ･ ･ ･ , ad)for1 ≦ i ≦ d･
Bec a u s e eo(I) - eo(Z B),eA(A/I) - eB(B/I B)a nd el(I) - el(Q) - el(IB) - el(K B),
by the indu ctiv ehypothe sis w eha v e eo(I) - eA(A/I) - el(I) - el(Q)if and o nly if
Z2B ⊆ K IB + H監(B)and ∑(K B)⊆ IB, which holdsif I2 ⊆ QZ + W and ∑(Q)⊆ I
sinc e W B ⊆ H監(B) and ≡(K B)⊆ ≡(Q)B. No w w e a ss u m ethat eo(I) - eA(A/I) -
el(I) - el(Q). T he nitfollow sthatI
2 ⊆ KI+【aA :A b] andQi :A ai ⊆Ifo r2≦i≦a.
M o r e o v er, by pas singA/bA
L
w eget ∫
2 ⊆ JI+[bA:A a]a ndQi :A ai⊆Zfor1≦i≦d - 1.
T herefore, a s∑(Q)⊆I, w eha v eI
2 ⊆
1
QZ+ W by4.4.1 a ndthepr o ofis c o mpleted.
Pro ofofCo rolla ry4･1.2. We m ay a ss ll m ethat A/m isinfinite. Then a nyidealofA ha s
a minim alr edu ctio n, s othatby4.2.4 a nd4.3.1 w ehave
d- 2
eo(Jト βA(A/∫卜 el(∫)≦∑
i= 1(=I1
2)hi(A)
for a ny m -prl m aryide al I. He n c eit is e n o ughto find a n m-prim aryideal for whichthe
equ ality holds･ Let xl, - ･ ,Xd be a n s opfo rA c o ntained in m
2
and nl, ･ ･ ･ , nd beimiegers
n otles than 2. We s et Q - (xln l, - ,xdnd) and I - Q :A m ･ T hen Qis a st andard
pa r a m et ride al by[10, Pr opo sitio n2.1] andI2 - QZby[3]. Be c a u s e w e obvio u sly have
∑(Q)⊆I, by4･1･1 and4.2.4 itfollo wsthat
d- 2
eo(zト eA(A/I) - el(I) - ∑
i= 1
a ndthepro of is c ompleted.
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(fI1
2
)hi(A),
Ex am ple 4.4.2 LetR - k[[X,Y,Z, W]]be thefor m alpo w e r s e ri s ring With v a riables
x
,
y
,
Z a nd W o v e r a niBniteβeld k. Leia - (X2,y)R,b - (Z, W)R a nd A- R/anb･
Let x,y, I a nd w re spectiv ely den ote the im ages OfX,Y,Z a nd W in A. We s etQ -
(x - I,y - w)A and m - (x,y, I, w)A･ The n we ha v eihefollo win9 a S S e rtio n･
(1)dim A - 2,depth A- 1,h
l
(A)- 2 a nd Ais n ot a qu a si- Bu chsba u m rin9･
(2) m
3
- Qm2, bu舌 m 2≠Qm ･
(3)1fV is a nidealofA with dim A V < 2, ihen V - 0, s oihat m
2望Qm + V･
(4)eo(帆) - 3,el(m) - 1 a ndel(Q)- - 1, s othaieo(m) - eA(A/m) - el(m) - el(Q)･
Pro of Fro mthe e x a ct s equ e n c e0 → A → R/a o R/b → R/a +b → 0, w eget
the a ssertio n(I). On e c andir e ctly che ckthe as s ertio n(2). Be c a u s edim A/p - 2fo r any
p ∈ AssA, w eha v ethe ass ertio n(3)･ The as so ciatedgradedring G(帆)ofm isis o m o rphic
to
k[X,Y,Z, W]/(X
2
,y)∩(z,w),
s othat w eha v ethe exa cts equ e n c e
o → G(m) → k[X,Z, W]/(X
2
)ok[X,Y] → k[X]/(X
2
) → o.
Thisimpliesthat the Poin c a r6s e rie sP(G(m),A)of G(m)is
1+ 入 1
(I - A)2
I
(1 - A)2
- (1+ A),
fr o m which itfolo w sthat
eA(A/m
n ･1) -芸n2 ･芸n
for n≧ 2. He n c e eo(巾) - S and el(m) - 1. Bec a use kisinfinite, the re e xists FL ∈ k
s u ch that c - (a - z)+ p(y - w)is a supe rficialele m e nt ofQ. Let B - A/cA. Then
el(Q) - el(QB).主 - hO(B) andthe e x a ct sequ e nce 0 → A ヱ+ A → B → 0yields
the e x a ct 白e匂二tl e n C e
O → 叱(B) → HL(A) - ㍉ HL(A).
Bec a use HL(A)望 R/a+ b空 k[[X]]/(X2) and(X - Z)+FL(Y - W)… X m od a+ ら, w e
ha v eHa(B)空【(X2)‥k[[X]]X]/(X2) - (x)/(x2)･ Tlms weget el(a)ニ ー 1 andtheproof
is c o mpleted.
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4･5 Bu chsba u m n e s s of G(∫)
Thr ougho ut this s e ction w e a s s u m ethat Ic o ntains apara m ete ride alQ - (al, ･ ･ ･ ,a d)as
a r eductio n･ We s et R - a(I) and a- G(I)I T hegr aded m axim al ide alof ais de n .ted
by M ･ F urtherm or e, w e s etfi - ail ∈ R for 1≦i≦ d･ For c ertain ele me nts xl, - , X n
of a ringS and an S- m odule L, w eden oteby e(xl, - ,3;n;L)the multiplicity symbolof
xl,
-
,
Xn Withr espe ct to L(cf.[10, p. 24】).
Le m m a4.5.1 e(fl
nl
,
･ ･ ･
,fd
nd
;GM) - e(alnl, ･ ･ ･ , adn d,･ A)fo r a ny nl, ･ ･ ･ , nd > 0.
Pro of. Leta+ betheide alof age n e r ated byho m oge n e o u s ele m e nts ofpo sitiv edegre e.
As(fl, ･ ･ ･ ,fd)ais a r edu ctio n of a+, w eha v e e(fl, ･ ･ ･ ,fd;GM) - eo((a+)M)･ On the
otherhand, a seG M(a/(a+)
n) - eA(A/Zn)for any n > 0, we ha v e eo((a+)M) - eo(I)I
He n c eitfollo w sthate(fl, ･ ･ I ,fd;GM) - e(al, ･ ･ ･ ,ad;A)･ T he r efore,for a ny nl, ･ ･ ･ ,nd >
0
e(fl
nl
,
. ･ ･
,fd
nd
;GM) - nln2 ･ ･ ･ nd ･ e(fl, ･ ･ ･ ,fd;GM)
- nln2
･ ･ ･ nd
･ e(al, ･ ･ ･ , ad,･ A) - e(al
nl
,
･ ･ ･
,ad
n d
,
･ A).
T lms w eget the requir edequality.
Inthe r e st of this s e ctio n, wefu rthe r m o r e as s u m ethatQis a standard ide als u ch that
Z2⊆ QI+ W , I3 ⊆ Q and ∑(Q)⊆Z.
Le m m a4.5.2 Letnl, I ･ ･ , nd be po sitiv eintegers. Then
書
(al
nl
,
･ ･ ･
, ai
ni)n Z
n
- ∑ajn3
1
In
~ n3
1
j- 1
fo r a ny n ∈ Z a nd l≦i≦d. Hen c ewe ha v e
G/(fl
nl
,
･ ･ ･
,fini)G 望 G(Z B),
whe reB - A/(alnl, ･ ･ ･ , aini).
pr o of･ We m ay a s s um ethat n > n3･ for any1 ≦ 3
'
≦i･ Let x ∈(alnl, ･
.
･ ･
, ai
ni)nZn ･
T hen, as x∈ Qn(Qn
- 1z+ w) - Qn
- 1z
,
w e can expr e ss
x - ∑y^a入 (y^ ∈ z),
入∈A
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where A is the s et of^ - (^ 1, ･ ･ ･ , d^) E Zd suchthat 1^ + ･ ･ ･ + d^ - n - 1 a nd
a
^
- al
1^a2
^2 ･ ･ ･ ad
^d
･ On the otherh and, a s
も
x ∈(al
nl
,
-
, ai
ni)nQn
- 1
- ∑a,･n3
'
Q
n ~ 1 - n
3
.
,
3
'
- 1
*e ca n w rite
x - ∑z7a7 (I, ∈ A),
7∈r
whe r?r - (7 ∈ AI73
･ ≧ n3･ fo r s o m e1≦j ≦i)I It is e n o ughto sho wthat zT ∈ Zfo r a ny
7 ∈ r.
Let B - A[Tl, ･ ･ ･ , Td]bethe polyn o mialring with v a riable sT1, ･ ･ ･ ,Td O V e rA a nd
p :B → a(a)betheho m o m o rphis m ofA- algebr as s uchthatp(Tj) - f3･ for1≦i _< d･
Be c a u s e al, - , adis ad-s eque nc e, ke rp ISgene r ated byho m oge n e o u s ele memis ofdegre e
one(cf..[5】),s othatkerp⊆IB a s∑(Q)⊆I･ No w w e s et
f - ∑ y^ T入 +∑(y7 - Z7)r ･
入∈A＼r 7∈r
The nI∈kerp･ He n c e w egt z7 ∈Zfor any 7∈ r･
Le m m a4.5.3 Wehav e
(1) 【0:G fl]n - ‡石戸Iw ∈ W nl
n
),
(2)0:G fl - [0:Gfl]1 0[0:G fl]2,
(3)eGM(0‥G fl) - eA(W), a nd hen c edepthG > 0 ifd6pthA > 0･
proof. (1)Let x ∈.Z
n
a nd 石戸 ∈ o :a fl. T hen alX ∈ In +2, s othat by 4･5･2 w e ha v e
alX
- alyfo rs o m ey ∈ I
n+1
, which implies x ∈ J
n+1 + w sin c e x- y ∈ 0 :A al - W ･
He nc e 評 - 諒戸for s o m e
.
w ∈ W n Zn ･ T hu s we get[0:a fl]n ⊆(i6戸Iw ∈ W n Z
n
),
a nd the c o n v er s ein clu sio nis obvio u s.
(2)Thisfollo wfro mthe a s s ertio n(1)asW n Zn ⊆ W nQ - 0fo rn ≧3･
(3)Weget this as e rtion sin c e【0:afl]1 望 W/W n Z2 and[0:afl]2 -
～ W nI2･
Le m m a4･5･4 fl, - ,fd is a sta nda rdsyste m ofp?ra meie rsfo rGM ･ In pa rticular, it
follo w sihai HR4(a)- 0:a fl, SOthat hO(GM) - hO(A)･ M or eo v er, w eha veI(GM) - Ⅰ(A)･
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Pro of. By 4.5.2 we ha v ea/(fl, ･ ･ ･ ,fd)a -
～ G(I/Q), s othat
eGM(a/(fl, - ,fd)a)- eA(A/Q)I
Simila rly, s ett ing a - (al
e
,
･ ･ ･
,ad
z), w eha v e
eG M(a/(f1
2
,
-
,fd2)a)- eA(A/a)･
T hen
,
u sing4･5･1 a ndthatal, ･ ･ I , ad is a sta nda rdsyste m ofpa r a m et r sfo rA, w eget
eG M(a/(fl, - ,fd)a) - e(fl, - ,fd;GM)
- eA(A/Q) - e(al, - ,ad;A)
- eA(A/a) - e(a1
2
,
･ -
,ad
2
;A)
- eG M(a/(f1
2
,
･ ･ ･
,fd2)a) - e(f1
2
,
-
,fd
2
;GM)･
Ther efo r eby[10,T he o r e m and Definitio n17in Appe ndix], w eha v ethe requir eda ss ertio n･
Le m m a4.5.5 We ha v ethefollo wing.
(1)Ilo < i< d, the nH払(a)is conce ntr atedin degre e1 - i･
(2)a(a)≦ 2 - d･
Pr o of. We pr o v ebyindu ctio n o nd. Letd - 1. In this c a s e, the as s e rtio n(1)insists
n othing. In o rde rto pro v ethe a s s ertio n(2),letu s c onsiderthe e x a cts equ enc e
o → H
O
M(a)(- I) → G(- 1)与 G ー G/flG → 0 .
T his s equ enc eyieldsthe e x a ct s equ e n c e
鞄(a/flo) ー Hi4(a)(- 1)A Hid(a) ー 0,
which implie s【H五4(a)]n l l 望[H去4(a)]n for n ≧ 3sin c e【G/flG]n 望 ∫n/QZn
- 1
+ z
n +1
- o
fo r n≧ 3. Hen ce w eget【Hk(a)】n - Ofor n ≧2, s otha七 a(a)≦1･
No w w e as s ll m etha七d≧2. Let B - A/W . The ntheker nelof thegr adedho m o m or-
phis m a → G(Z B)of A- algebr asindu c ed fr o mthe c a n o nic al s u rje ction A → B ha-p
finitele ngth, s ot hat we ha v eH
8L4(a)空 H払(G(Z B))fori> 0･ Onthe othe rha nd,QB is
a sta ndardpara m eteride alof Bs u ch thatPB - QZ Ba nd ∑(QB)⊆Z B･ Hen ceby4･5･3
and4.5.4 w eha v ethatfl is G(Z B)-r egula r andfl ･ H払(G(Z B))- 0 for any 0≦i < d･
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Fu rtherm ore, s etting C - B/alB, w eha v ea(ZB)/flG(ZB)空 G(ZC)by4.5.2. The r efo r e
weget the e x a ct s equ e n c e
o → G(IB)(- 1)B G(Z B) → G(ZC) → 0,
fr o m which w e seetha七 Hi4(G(Z B)) り H8L4(G(ZC))for0 _< i < d a nd HdM
- 1
(G(ZB))is
a ho m o m o rphicim 喝e OfH
d
M
- 2
(G(I C))(1). Be c a u s eQC - (a,, - , ad)a is a sta ndard
par am eteridealof Cs u chtha七I
2c - QI Cよnd ∑(QC)⊆ IC,theindu ctiv ehy pothesis
in si遠tsthat H弘(G(Z C))- [H8L4(G(Z C))]1 _ ifo r a ny0≦i< d - 1 a nda(G(I C))≦3 - d.
No w 比e as s ertio n(1)c a nbe v e ri丘ed e a sily. In o rder七o s e ethe a ss ertio n(2), let u s
c o n siderthe e x a ct s equ e n c e
Hd
M
- 1
(G(IC))→ H
d
M(G(ZB))ト1)追+ HdM(G(Z B))→ 0.
Ifn > 3 - a,the n[H
d
M
- 1
(G(IC))】n - 0, s othat【HdM(G(IB)]n - 1 聖【H鮎(G(ZB)】n ･ He n c e
w eha v e【H
d
M(a)]n 望【H
d
M(G(IB)]n - らfor any n ≧3 - d. T her efore w eget the as s e rtio n
(2)a ndthepro ofis c o mpleted･
Le m ma 4.5.6 Supposethata1, ･ ･ ･ , adfo r m a w eaks equ e n c e(cf. Ilo, De&nitio n1.1])in
a ny o rde r. We a rbitrla rytake xi ∈ m for1≦i _< d a nd setEi - Xi - ail. The n
(El, - ,Ed)G nHOM(a)- 0 .
Pr oof. Let u stake any p ∈(El, ･ ･ ･ ,Ed)G n HOM(a). As HOM(a) - 0 :a fl by 4.5.4, w e
c an e xpr es sp - wュt+ w2t
2
) withw,
･ ∈ W n P
'
fo rj - 1,2. W e w o uld liketo sho wthat
w,
. ∈ p
'
+1 fo r3
'
- 1,21 Forthat, w e w rite p - ∑f= 1右 ･ 帝, withqi ∈ Rfor 1 ≦i≦ d.
Taking N ≫ 0, we can e xpie s叩 i - ∑,r= 1 %
･t3
'
(m,･ ∈ Ij)for1 ≦i≦d･ Ou r a s s u mption
implies m W - 0, sothat mZ
2 ⊆ mQZ. Henc eP
'
⊆ Qford ≧ 3. The n, by 4.5.1 w e
ha*
/
hi31 ∈ QP
'
~ 1 fori ≧ 3･ Fu rtherm o r e, w e c a n cho o s eqi2 in QZ sin c eEi ∈ m A[i],
z2E
:
QI+ W and m W - 0. Bec a u se
d
wlt+ w2i
2
≡ ∑Eiqi m od ZR ,
i= 1
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w eget thefollo w l ng C O ngru epC e equ atio n s:
Wl
W2
d
∑ximO m od I,
i= 1
d
∑(xiqil - aiqiO)m od I2,
i= 1
d
∑(xini2 - aiqil)m od Z3,
i= 1
d
∑(xi%･ - aiqi,,･ - 1) m od P
l
'1 fo r3≦j ≦N a nd
i= 1
d
∑aiqiN m od I" '2
i= 1
T hethird equ atio nimplies w2 ∈ Q, s othat w2 - 0. Hen ceitis eno ughto sho w wl ∈ Z2.
We n e edthefollowl ng.
claim The re e xist ele m e nisyt33∈ p
'
fo r a ny1≦j ≦N and1≦ α < β≦ds u chthat
d
∑ai(%･ + ∑x｡yi3) - ∑xβy5P)∈ p
'
'2
i- 1 α <i i<β
Ifthisistr u e, s etting
vi
- nil+∑xαytli) - ∑xβy5b),
α <i i<β
w eha v e∑f= 1 aiVi ∈ Z3 - QZ2. Hence there exist v; ∈ Z2 for 1 ≦ i ≦ ds u ch that
∑f= 1 ai(vi - V;)- 0. T he n,for any1≦i≦d weget
vi
- V; ∈ (al, - , ai _ 1, ai+ 1, - , ad):A ai
- (al, ･ ･ ･ , ai _ 1, ai + 1, ･ ･ ･ , ad):A m ,
s othat xi(vi - V言) ∈ Q, which implies xiVi ∈ Q as xiV; ∈ mZ2 ⊆ Q. On the other
hand, w e ha v e∑f= 1 XiVi - ∑f= 1 Xiqil, S Othat q ∈ Q, where q - ∑t?= 1(xinil - aiqi.).
Be c a u se wl - q ∈ Z
2
, w eha ve wl - q - q
'
+ w
/ fo r s o m eq
'
∈ QZ a nd w
/
∈ W . T hen, a s
wl
- W
'
- q+q
'
∈ Qn W - 0, w eget wl ∈ Z2.
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pr o ofofClaim ･ We pr o v ebydes c e ndingindu ctio n o nj･ First, w e s e七y諾) - ofo r any
1≦ α <β≦d･ Next, w e a ss u m ethat 2≦i ≦N and w eha v ethe r equir edele m emisyi33･
ofc o u r s e, yi33∈QP
'
- 1 ifj≧3･ Ho w ever, e v e nif3
'
- 2 w e c a n cho o s eyt33in QZj - 1 since
Z2 ⊆QZ +W a nd m W - 0. No w w e s et
vi,
I - %
･ + ∑xαyt3;) - ∑xβy8(P･
α <i i<β
IJet K. - K.(fl, ･ ･ ･ ,fd･, a)bethe Ko s z ulc o mple x with thediffer e ntialm aps ap : Kp ー
Kp - 1 a ndlet T1,T2)
･ ･ ･
,
Tdbethefr e eba s e s ofK1･ We set
d
q - ∑ 研 ･ Ti ･
i= 1
The n J∈(fl, - jd)Kl aS Vij ∈ QP
'
- 1 fo r a ny1≦i≦d･ On the othe rha nd,
d d 1
81(q) - ∑fi ･石諦 - (∑aiVi,･)t3
'
'1 - 0
i= 1 i= 1
in a, s othat q ∈ Zl(K.). Be c a u s efl, ･ ･ ･ ,fdis ad-s equ e n c e o na, w eha N e
(fl, ･ ･ ･ ,fd)Kl nZl(K.) - Bl(K.).
As a c o n s equ e n c e,itfollo w sthat ther e e xist ele m e ntsyS
- 1) ∈ p
'
- 1fo r any1≦ α < β≦ d
slldltba七
82(∑嫁
1)ij- 1 ･ TQ ∧Tp) - q ･
α <β
Theleft ha ndsideis equ al to
d
∑(∑aαyt3{1) - ∑aβ嫁1))i3
'
･ Ti,
i- 1 α<i i<β
s othat w ehave
vi
･ ≡ ∑aαyi3{1) - ∑ ap嫁1) m od P
'
'1
α <i i <β
fo r a野y1≦i≦d. T hisimplies
d
∑xiVi,･ ≡ ∑aα XβyS
- 1)
- ∑ xa aβ嫁1) m od P
'
'1
i- 1 α <β α <β
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On the otherba nd,
d d a
∑xiVi3･ - ∑xiqi,･ ≡ ∑aiqi, ･ - 1 m od P
'
'1
i= 1 i= 1 i= 1
T he r efo r e w eget
d
∑ ai(%,･ 1 1 + ∑x｡yi3{
1)
- ∑x鵡
~ 1))∈ p
'
'1
i- 1 α<i i<β
andthepr o ofis c o mpleted.
Pr o ofof Theo re m4.1.8. Only the Bu chsba u m n e ss of aisleft to sho w. We pr o v eby
indu ctio n o na. Be c a u s eHOM(a)- (wit+ w2i2Iwl ∈ W, w2 ∈ W nI
2
)a nd m W - 0, w e
ha v eM ･ HR4(a)- 0. He n c eais aBu chsba u m ringif d- 1.
Suppo s ethatd≧ 2. Let B - A/W and a - B/alB ･ T he n a a nd ICinherits the
a ss u mption o nA a ndI in 4.1.3(cf. Pr o ofof4.5.5). The r efo r etheindu ctiv ehypothesis
implie sthat G(IC)is aBu chsbau m ring, s othat G(Z B)is also aBu chsba u m ring sin c e
G(Z B)/FIG(Z B)望 G(ZC), flis G(Z B)-regula r andfl ･ H8L4(G(Z B))- 0fo r anyi < a
(cf. [10, Pr opo sition 2.19]). Further m ore, it is e a syto S eethatthe ke rn elofthegr aded
ho m om orphism a → G(IB)coin cide s with H‰(a). Tlms w egetthat a/HOM(a)is a
Bu chsba u m r lng.
Let V - 帆 + It⊆ R. Be c a u s e w e m ay a s s u m ethat A/m is in丘nite, w ec a n cho ose a
syste m ofge n e r ato rsEl, ･ ･ ･ ,Ee ofV su chthat(Ei)ieA for m an sopfor GM fo r any sllbs et
A⊆(1,2, - ,A)with d-ele m e nts. In orde rtopr ovetheBllChsba u m n ess ofa,it is en o ugh
to sbow 七hat
((Eili∈A)a nHOM(a)- 0
for a ny A stated abo v e(cf. Fl o, Pr opo sitio n2.22]). Let A - (il < i2 < ･ ･ ･ < id) and
Eiた - Xk - bki(xた ∈ m ,bk ∈ I)for1 ≦ k≦d. Bec aus e(bli, - ･ ,bat)a + m G coin cides
with the M -prim ary ideal(Eil , - ,Eid)a + mG, w eha v ethat bli, - ,bat is an s op for
a/m G･ He n c eQ' - (bl, ･ ･ I ,bd)is a r edu ctio n of I･ The n, by o tir a s s umptio nthat(i)A
is aBu chsba u m ring or(ii)Ais aqua si- Bu chsba u mring and I⊆ m2, w eh_
a w ethatQ'is
a st andardpa r a m et ride alof A, a ndhe n c eby4.1.1 w eget P ⊆Q
′Z+ W a nd∑(Q
')⊆Z･
T herefore, by4･5･6 w eha v e(Eil, ･ - ,Sid)n H
O
M(a)- 0 andthepr o ofis c o mpleted･
T he next ex ampleinsiststhat the a s s umption of4.1.3 that I⊆ m
2is n e c es s ary when
Ais a qlla Si- Bu chsba u mrlngbut n ot a Bu chsbau m rlng.
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Ex a mple 4.5.7 LeiF - k[[X,Y, Z, W]] 申e ikefor m alpo w e r S eri s ring with variable s
XラY,Z a nd y o v e ra弟eld k･ Lei a - (X,Y)F n(Z, W)F n(X2_,
y,z
2
, w)F a nd A -
F/a. Lei x,y, z a nd品 re spe ciiv eiyde n ote ike im ages ofX,Y,Z a nd W in A. We set
m - (Lll , y, I, W)A, a - 3J
.
一 之
,
() = こ y - W a77,dQ - (a,b)A･
'
17)JCrL Ill)ehalu Cthcfol owin.,J･
(1)Ais a2-dim e n sio n alqu a si- Bu chsba u rT "in9bu書n oi a Bu chsba u m ring･
(2)Qis a s去anda rdpa n a m eま ride alofA s u chthai m
2
- Qm + W ･ We obvio u slyha v e
∑(C2)⊆ m .
(3)a(m)is n ot a Bu chsba u m rin9･
Pr()a/. I｣ct n - (X,Y, Z, Ⅳ)F 礼ndb - (X ,Y)F n(Z,tjtJ
')F . T hel We have t･11e ex a ct
s equ ( n (:e O ー F/b - ｣ F/(X,Y)F ¢ F/(Z, W)F - 1 F/n → 0, whicllimplie s1-1mt
F/b is a2- dinlenSio n al Bu cllSba uln ring s u ch that depth F/ら - 1,H王(F/ら) 空 Ll a rld
()o(n/b)こ= 2･ Be c a u s eb - a + X Z Fand X Zn ⊆ A, C O n Siderillgtle CX a Ct S eqll( n C e
() → b/a ー A ー F/b ー 0, w eget
W - 孤(A)- ら/a - x zA 空 k,
H
.
1
.I(A)空 H.
1
.(F/b)望 L:,
eo(m) - eo(I-/b)- 2 ･
He n ce Ais a2-dim e n sio nalqu a si- Bn chsba u mring with I(ji) - hO(A)+ hl(A) - 2.
0卑 the otherha nd, Ⅰ七is e a syto s e ethat AjQ 望 k[[X,Y]]/(X3,xy,y
2
)a nd Qis
a r edu ctio n of m . T he nEA(A/Q) - 4 a nd e(a,a;A) - eo(m) - 2, s o七hateA(A/Q) -
o((A,b;A) - Ⅰ(A), wllicll il nl)lie stlat･ ais a stalldar(1 i(te al of A･ Be ca u se F/b is a
BllChsl) a. um 1 ring witll eo(n/ら)- 2 a n(I(lei)tlF/ら > 0,1Jy[1い111dr2]it,follow Lq tbilt F/b
h甲 m a Xim ale mbeddingdim e n sio n, s othat w eha 椛 n
2
- (x - z,y - w)n + b暮 He n c e
w (.I gel, m
2
- Qm + W .
Let 化′ - .,I - W al'1b' - y - I . T len A/((L',I)I A ∈¥ k[[X, Y]]/(X2, x y, y2) and
(a
'
,
I)I A is a r edu ctio l Of m . 冗(n (･,e e^(A/((!',t)
′
A) - 3 之l･nd e((1',b
/
;A) - 2, so that,
セA(A/(a
I
,b
′
)A) - 伝(a
'
,b
l
;A)≠･I(A)･ Ther efor e a
′
,
bfis no七 a standard sop fo rA, which
in lpli(､sthatAis n ot a BllCllSl) a ul n l
･ing. T hcllG(m)is also llりt a･ Bll CllSb･･L uln ring sillC (-
G(m)空 S/((X, Y)Sn(Z, Ⅳ)S n(X
2
,
y
,
z2
,
Ⅵ′)s),
wher eS - k[X,Y,Z, W], and thepr o ofis c o mple七ed･
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